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PREFACE 



1 HAVE attempted in this work to explain and illus- 
trate the principles of that portion of Plane Trigonometry 
which precedes De Moivre's Theorem. The method of 
explanation is similar to that adopted in my Elementary 
Algebra. The examples, progressive and easy, have 
been selected chiefly from College and University Ex- 
amination Papers, but I am indebted for many to the 
works of several German writers, especially those of 
Dienger, Meyer, Weiss, and Wiegand. I have carried 
on the subject somewhat beyond the limits set by the 
Regulations for the Examination of Candidates for Ho- 
nours in the Previous Examination for two reasons : first, 
because I hope to see those limits extended, secondly, 
that my work may be more useful to those who are 
reading the subject in Schools and to Candidates in thr 
Local Examinations. 



J. HAMBLIN SMITH. 
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Elementary Trigonometry. 



CHAPTER I. 
On the Measurement of Lines. 

/i 1. To measure a line AB wo fix upon some line {is a 

' standard of linear measurement : then if AB contains the 

standard line p times, p is called the measure of AB^ and the 

magnitude of AB is represented algebraically by the symbol 

p. (See Algebroy Art. 33.) 

Since the standard contains itself once, its measure is 
unity, and it will be represented by 1. 

2. TWo lines are commenmrable when a line can be taken 
as the standard of measurement (or, as -it is commonly called, 
the unit of length) such that it is contained in each an exact 
number of times. 

3. If the measures of two lines AB, OD be p and q 
respectiyely, the ratio AB : CD is represented by the frac- 
tion ^. (See Algebra, Arts. 341, 342.) 

Examples.— I. 

(1) If the unit of length be an inch, by what number will 
4 feet 6 inches be represented 1 

(2) If 7 inches be taken oa V^ie \waX. ol Vssv^g^-*^^ ^''^^ 
number will 15 feet 2 incheabe Tevte^eo^^^^*^ v 
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(3) If 192 square inches be represented by the number 
12, what is tlio unit of linear measurement ? 

(4) If 1000 square inches be represented by the numbet 
40) what is the unit of linear measurement ? 

(5) If 216 cubic inches be represented by the number 8, 
what is the unit of linear measurement ? 

(6) If 2000 cubic inches be represented by the number 
16, what is the unit of linear measurement ? 

(7) If a yards be the unit of length, what is the measure 
of & feet? 

(8) A line referred to different units of length has mea- 
sures 6 and 4 ; the first unit is 6 inches, what is the other ? 

(9) A line referred to three different units of length has 
measures 1, 36, 12 respectively. The unit in the first case is 
a yard : what is it in the others ? 

(10) Express the ratio between 3^ inches and 3} yards. 

(11) If the measure of m yards be c, what is the measure 
of n feet ? 

4. Now suppose the measures of the sides of a right- 
angled triangle to be j9, g, r respectively, the right angle being 
subtended by that side whose measure is r. 




Then since the. geometrical property of such a triangle, 
established by Euclid i. 47, may be extended to the case in 
which the sides are represented by nwmbers or symbols stand- 
ja£- for numbers, 
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If any two of the numerical quantities involved in this 
equation are given, we can determine the third. 

For example, if r=5 and 2'= 3, 

.-. p«=16, 
.*. /?=4. 

Examples. — IT. 

(1) The hypotenuse being 51 yards, and one of the sides 
containing the right angle 24 yards, find the other side. 

(2) The sides containing Ihe right angle being 8 feet and • 
6 feet, find the hypotenuse. 

(3) A rectangular field measures 225 yards in length, and 
120 yards in breadth ; what will be the length of a diagonal 
path across it \ 

(4) A rectangular field is 300 yards long and 200 yards 
broad ; find the distance from comer to comer. 

(5) A rectangular plantation, whose width is S8 yards, 
contains 2^ acres; find the distance from comer to comer 
across the plantatiou. 

(6) The sides of a right-angled triangle are in Arith- 
metical Progression and the hypotenuse is 20 feet ; find the 
other sides. 

(7) The sides of a right-angled triangle are in Arithmetical 
Progression ; shew that they are proportional to 3, 4, 5. 

(8) A ladder, whose foot rests in a given position, just 
reaches a window on one side of a street, and when tumed 
about its foot, just reaches a window on the other side. If 
the two positions of the ladder be at right angles to each other, 
and the heights of the windows be 36 and 27 feet respectively, 
find the width of the street and the length of the ladder. 

(9) In a right-angled isosceles triangle the b's^^^sQSbs>Kk'S& 
12 feet) find the length of each oi t\ie o\>ciSt ^<^<&^. 

(10) What is the length oi the ^i^'wveX qH ^ ^j^^^^-*^"^"^ 
Bido IB 6 inchoa ? 
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(11) The area of a square is 390625 square feet ; what is 
the diagonal ? 

(12) Each side of an equilateral triangle is 13 ; find the 
length of the perpendicular dropped from one of the angles on 
the opposite side. 

(13) If ABC be an equilateral triangle and the length of 
AD, a perpendicular on BC, be 15 ; find the length of AB, 

(14) The radius of a circle is 37 inches ; a chord is drawn 
in the circle : if the length of this chord be 70 inches, find its 
distance from the centre. 

(15) tW distance of a chord in a circle from the centre is 
180 inches ; fjie diameter of the circle is 362 inches : find the 
length of the ^^fj^* 

(16) The length of a chord in a circle is 150 feet, and its 
distance from the centre is 308 feet ; find the diameter of the 
drcla 

(17) If ABC be an isosceles right-angled triangle, C being 
the right angle, shew that 

AC : AB=\ : ^2. 

(18) If DEF be an equilateral triangle and a perpen- 
dicular DQ be dropped on EF, shew that 

EG : ED : DG^l : 2 : ^3. 



CHAPTER II. 

On the Ratio of the Circumference of a Circle to the 

Diameter, 



5. It is evident that a straight line can be compared 
as toits length with a circular arc, and that consequently the 
ratio between such lines can be represented in the form of a 
fraction. 

6. We must assume as an axiom 
that an arc is greater than the chord 
subtending it: that is, if ABD be 
part of the circumference of a drcle 
cut off by the straight line AD^ the 
length of ABD is greater than the 
length of AD, 

7. . A figure enclosed by any number of straight lines is 
called a polygon, 

8. A regular polygon is one in which all the sides and 
angles are equal. 

9. The perimeter of a polygon is the sum of the sides. 
Hence if AB be one of the sides of a regular polygon of n 
sides the perimeter of the polygon will be n , AB, 

10. The circumference of a circle is greater than the peri- 
meter of any polygon which can be inscribed in the circle, 
but as the number of sides of such a polygon la vckSx^ibSiR^'^'i^ 
^rimeter of the polygon approoyc^io^^ Ti«KC«t \fi 'Os^R* ^'^^^^^ 
ference of the circle, as wiH appedx iiota. >i)oL^ V3\«^^«^^ 
tratioiL 




6 RATIO OF CIRCUMFERENCE TO DIAMETER. 

Let AB be the side of a regular hexagon ABDEFQ 
inscribed in a circle. 




Thon AB\% equal to the radius of the circle. EuoL. iv. 15. 

Now the arc ACB is greater than AB, 
and the circumference of the circle is therefore larger tlian 
the perimeter of the hexagon. 

Hence 

the circumference is greater than six times the radius, 
and greater than three times the diameter. 

Now suppose (7 to be the middle point of the arc AB, 

Jom ACy CB, 

These will be sides of a regular dodecagon or figure of 
12 sides inscribed in the circle. 

Now AC, CB are together greater than AB : but AC, CB 
are together less than the arc AOB. 

Hence the perimeter of the dodecagon will be less than 
the circumference of the circle, but will approximate more 
'earfyeban the perimeter of the hexagon to the dTcum^exc^iiQe 
^^Citics/e, 
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So the larger the number of sides of a polygon inscribed 
in a circle, the more nearly does the perimeter of the polygon 
approach to the circumference of the circle ; and when the 
number of sides is infinitely large, the perimeter of the poly- 
gon will become ultimately equal to the circumferance of the 
circle. 

11. To Bhew that the circumference qf a circle varies as 
the radius. 





Let and o be the centres of two circles. 

Let ABf db he sides of regular polygons of n sides in- 
scribed in the circles, P, p the perimeters of the polygons, 
and C, c the circumferences of the circles. 

Then OAB, odb are similar triangles. 

.'. OA : oa :: AB : ab 

:: n,AB : n,ab 
:: P : p. 

Now when n is Ycry large the perimeters of the .polygons 
may be regarded as equal to the circumferences of the circles; 

.'. OA : oa :: C : c. 

Hence it follows that the circumference of a circle yaries 
as the radius of the circle. 

12. Since the circumference varies as the radius^ the 

ratio circumference ^ ^^^ ^^^ ^^^ ^ ca^\ws«Kv^^^^^Vs^^ 
radius 

the ratio o^'^f^rence ^^^ ^ ^^^ 

diameter 
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13. Dbp. The ratio — -j-. 7 is denoted by the 

diameter ^ 

symbol «-. 

14. The yalne of this numerical quantity it cannot be 
determined exactly, but it has been approximately deter- 
mined by yarious methods. 

If we take a piece of string which will exactly go round a 

penny^ and another piece which will exactly stretch across the 

diameter of the penny : if we then set off along a straight line 

sev^ lengths of the first string, and on another straight line 

by ^l^e side of the first we set off twenty-two lengths of the 

string, we shall find that the two lines are very nearly 

equAV' Hence 22 diameters are nearly equal to 7 circum- 

^ XI. X . i.1- J.' circumference 22 , 
ferences, that is the ratio — ^. 7- — = -=- nearly, or m 

22 
other words the fraction y is a rough approximation to the 

value of IT, 

365 i 
The fraction rr^ gives a closer approximation. 

lid 

The accurate value of the ratio to 5 places of decimals 18 
314159. 

15. Suppose we call the radius of a circle r : then the 
diameter =2r. . 

__ circumference 

N*"' diameter ='"' 

circumference 

• • — 2? — =" ' 

.'. circumference =27rr. 
IT cnce ai*c of semicircle = vr, 

ana arc 01 quadrant—-^ . 



I 
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Examples. — ^IIL 

In the foUowiDg examples the yalue of v may be taken 

22 

asy. 

(1) The diameter of a circle is 6 feet, what is its circom- 
ference % 

(2) The circumference of a circle is 542 fi 6 in., what is 
its radius ? 

(3) The driving-wheel of a locomotive-engine of diameter 
6 feet makes 2 revolutions in a second : find approximately 
the number of miles per hour at which the train is going. 

(4) Supposing the earth to be a perfect sphere whose 
circumference is 25000 miles, what is its diameter ? 

(5) The diameter of the Sun is 883220 miles, what is its 
circumference ? 

(6) The circumference of the moon is 6850 miles^ what is 
its radius 1 

(7) Find the length of an arc which is -^ of the whole 
circumference, if the radius is 12 ft. 6 in. 

(8) Find the length of an arc which is = of the whole 
drcumferenco, if the diameter is 21 feet 

(9) The circumference of a drcle is 150 feet, what is the 
side of a square inscribed in it ? 

\ (10) The circumference of a circle is 200 feet, what is the 

j' side of a square inscribed in it ? 

« 

(11) A water-wheel, Tvhose diameter is 12 feet, makes 
^ ^ revolutions per minute. Find approximately the number 

oiP miles per hour traversed by a point on the circumference 
0f the wheel. 

(12) A mill-sail, whose length \% ^\ l^^\., \MSB.^^^.'5>^«^^-. 
lutions per minute. How many m\\o^ \>ct \vav« ^<»^*^^ ^=^ 
of the sail traverse ? 



CHAPTER III. 
On i/ie Measurement of Angles, 

16. T&iooNOMETBT wos Originally, as the name imports, 
the science which foraished methods for determining the mag- 
nitude of the sides and angles of triangles, bat it has been 
extended to the treatment of all theorems invoMng the con- 
sideration of angular magnitudes. 

17. Euclid defines a plane rectilineal angle as the incli- 
nation of two straight lines to each other, which meet, but are 
not in the same straight line. Hence the angles of which 
Euclid treats are less than two right angles. 

In Trigonometry the term angle is used in a more ex- 
tended sense, the magnitude of angles in this science being 
unlimited. 

18. An angle in Trigonometry is defined in the following 
manner. 

Let WQE be a fixed straight line, and QP a line which 
revolyes about the fixed point Q, and which at first coincides 
WithQ^. 




Then when QP is in the position repreaeii\AOLVii\\\Q ^^mqs, 
Mj- /jia/ i//ias described the angle PQE. 
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The advantage of this definition is that it enables us tc 
consider angles not only greater than two right angles, bat 
greater than four right angles, yiz. such as are described by 
the revolying line when it makes more than one complete 
revolution. 

19. In speaking of a trigonometrical angle we must take 
into account the position from which the line that has de- 
scribed the angle started. 

Suppose for instance that QP, starting fi-om the position 
QE and revolving in a direction contrary to that in which the 
hands of a watch revolve, has come into the position indicated 
in the figure. It ha^ then described an angle ECiP greater 
than two right angles. 




js; 



20. The magnitudes of angles are represented by numbers 
expressing how many times the given angles contain a certain 
angle fixed upon as the unit of angular measure. 

When we speak of an angle 6 wo mean* an angle which 
contains the unit of angular measurement G times. 

21. There are three modes of measuring angles, called 

I. The Sexagesimal or English method, 

II. The Centesimal or French method, 

III. The Circular Measure, 

which we now proceed to describe in order. 



I. The Sexagesimal Method, 

22. In this method we suppose a right angle to be dbddsil 
into 90 equal parts, each of wMc\i")^ax\&Sa ^!»3^sA^ d.cQTe,e,^«k^ 
d^ree to bo divided into 60 ec^joaX ^«c\&^ «w3o. ^^ -w>kn$So. '^ 

called a minute, and each mm\it© to \>e^ ^A^^ Vs^"^ ^^SS? 

parts, each of which is called a «ecaad, '^\i«Q^ "^^ ^'s^sq. 
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of an angle is expressed by the number of degrees, minutes 
and seconds, which it contains. Degrees, minutes and seconds 
are marked respectively by the symbols •, ', " : thus, to repre- 
sent 14 degrees, 9 minutes, 37'45 seconds, we write 

14^9'. 37'' -46. 

23. We can express the measure of an angle (expressed in 
degrees, minutes and seconds) in degrees and decimal parts of 
a degree by the following process. 

Let the given angle be 39®. 6'. 33", 



60 
60 



33- 



6*55 



•0926 
.-. 39^ 5'. 33" =390926 degrees. 

Examples. — IV. 

Express as the decimal of a degree the following angles. 

(1) 24M6'.6", (4) 6'. 28", 

(2) 37^2'. 43", (6) 375^4^ 

(3) 176^0M4", (6) 78M2'.4". 

II. The Centesimal Method, 

24. In this method we suppose a right angle to be divided 
into 100 equal parts, each of which parts is called a grade^ 
each grade to be divided into 100 equal parts, each of which 
is called a minutey and each minute to be divided into 100 
, equal parts, each of which is called a second. Then the mag- 
' nitude of an angle is expressed by the number of grades, 
minutes and seconds, which it contains. Grades, minutes and 
seconds are marked respectively by the symbols ',",'": thus, 
to represent 36 grades, 66 minutes, 84*63 seconds, we write 
36«.66\84''-63. 

The advantage of this method is that we can write down 
i&e minutes and seconds as the docmiQl oi «k g;c2AQ Vs ^'n^- 
^fpectioB, 
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Thus, if the given angle be 14«. 19\ 5>T\ 

19 
since 19 = r^r^ of a grade = '19 grades, 

and 67'' = ™tt of a grade ='0057 grades, 

14«. 19\ 67'' =141957 grades. 

25. If the number expressing the minutes or seconds has 
only one significant digit, we must prefix a cipher to occupy 
the place of tens before we write down the minutes and seconds 
as the decimal of a grade. 

Thus 26*. 9\ 64" = 25«. 09 . 64' 

=25*0964 grades, 

and 36«. 8' . 4" = 36». 08' . 04" 

= 36*0804 grades. 



Examples.— V. 

Express as deoimals of a grade the following angles : 

(1) 26«. 14' . 26" , (4) 16'. 7" '46, 

(2) 38».4'.16", (6) 426».13'.6"*64> 

(3) 214».3'.7", (6) 2».2'.2"*22. 

26. The Centesimal Method was introduced by the French 
Mathematicians in the 18th century. The advantages that 
would have been obtained by itls use were not considered suf- 
ficient to counterbalance the enormous labour which must have 
been spent on the re-arrangement of the Mathematical Tables 
then in use. 

III. The Circular Measure. 

27. In selecting a unit of angular meaaureiASQ^^ ^^ ^fi»^ 
take any angle whose magnitude la mN«na3o\&. ^xslOcl^sv «s\s^^ 
18 that which is subtended at tho coutt© ol «b efiw^^Va «s^«t^ 

oquRl to the radius of the cJlrcle, aa ^o aY^sSXixo^ v^w^^- 



M 
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28. To ihew tliat the angle stibtended at the centre qf 
a circle by an arc equal to the radius of the circle is tlie 
same for all circles. 




Let O be the centre of a circle, whose radius is r ; 

AB the arc of a quadrant, and therefore AOB a ri^ht 
angle; 

AP an arc equal to tlie radius AO, 



irr 



Then, AP^r and AB=— . (Art 16.) 

Now, by Buc. VL 33, 

angle AOP _ bxcAP 
9Jig\Q~A0B ~ arc -4/^ ' 



or, 



angle ^QP __r 
a right angle irr 

2 



2r 
vr 

2 

~" • 

IT 



Hence ^^AOP=^^-^^^ 

Thus the magnitude of the angle AOP \a \T\^cpcu9ieTvV o^ t 
^Bd ia therefore the same for all circles. 
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29. In the Circular System of measurement the unit of 
angular measurement may be described as 

(1) The angle subtended at the centre of a circle by an 
arc equal to the radius of the circle, 

or, which is the same thing, as we proved in Art 28, as 

(2) The angle whose magnitude is the irth part of two 
right angles. 

30. It is important that the beginner should have a dear 
conception of the size of this angle, and this he will best obtain 
by considering it relatively to the magnitude of that angular 
unit which we call a degree. 

Now the unit of circular measure 

two right angles 180® c^ooneo 
— © e — __ __ 570>295s nearly. 

Now if BC be the quadrant of a circle, and if we suppose 
the arc BC to be divided into 90 
equal parts, the right angle BAG 
will be divided by the radii which 
pass through these points into 90 
equal angles, each of which is called 
a degree. 

A radius AP meeting the arc 
at a certain point between the 57th 
and 58th divisions, reckoned from 
Bf will make with AB an angle 
equal in magnitude to the unit of circular measuie. 

Hence an angle whose circular measure is 2 contains rather 
more than 114 degrees, and one whose circular measure is 
3 contains nearly 172 d^rees, or rather less than two right 
angles. 

31. Since the unit of drcular measure= ^i^it^^s .^ 

TT times the unit of circular measure =2 right angles. . 

Hence 
an angle whose circular measure is v is equsi t/c^ ^ ts;^^ ^se!is^«»^% 

1L ^YSJ^VS^^^-* 

,. ..c^^ A.YVi5&vV«sg 
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32. To Bhefvo that tfie circular measure of an angle is 
equal to a fraction which has for its numerator the arc sttb- 
tended by that angle at tJie centre qfany circle^ and for its 
denominator ths radium of that circle. 

Let EOD be any angle. 

About as centre and with any radius, describe a cirdo 
cutting OE in A, and OD in R. 




'm 



Make angle AOP equal to the unit of circular measure. 

Then arc -4P = radius A (Art. 29). 

Now, by Euc. vi. 33, 

* QSiglQ APR AB ^ 
mg\QAOP~ AP* 

AR 
/. angle AOR = -jp, angle AOP 

= ^^. angle -4 OP 



arc 
— T^ — . unit of circular measure ; 



/. the circular measure of angle AOR 



arc 
radius* 
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33. The units in the three systems when expressed in 
terms of one common standard, two right angles, stand thus : 

the unit in the Sexagesimal Method = r— - of two right angles, 
the unit in the Centesimal Method= — - of two right angles, 

the unit in the Circular Method = - of two right angles. 

34. It is not usual to assign any distinguishing mark to 
angles estimated by the Third Method, but for the purpose of 
stating the relation between the three units in a clear and 
concise form, we shall use the symbol l"* to express the unit of 
circular measure. 

Then we express the relation between the units tha» : 

1 1 1 



1" : 1« : !•= 



180 • 200 • v' 



CHAPTER IV. 



On the Method of Converting the Measures of Angles Jrom 
one to another System of Measurement. 



35. We proceed to explain the process for convertmg the 
measures of angles from each of the throe systems of measure- 
ment described in Chap. III. to the other two. 

36. To convert tlie measure of an angle expressed in 
degrees to tJie corresponding measure in grades. 

Let the given angle contain D degrees. 

1 degree = — of a right angle ; 

D 

.-. D degrees = r^ of a right angle 

= — of 100 grades 
yu 

100/> , 
=— grades 

10Z> , 
= -^ grades. 

Hence we obtain the following rule: If an angle he ex- 
pressed in degrees, multiply the m,easure in degrees by 10, 
Jfgfld^ the result hy 9, and you obtain the meaxwre of the 
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Ex. How many grades are contained in the angle 
24* 61'. 46" ? 



240.61'.46"=24-8626 degrees 

10 



248*626 



9 
grades 27*626 

/. the angle contains 27'.62\60'\ 

EZAHPLBS.— VI. 

Find the number of grades, minutes and seconds iu the 
following angles : 

(1) 27M6'.46". (2) 167'.4'.9''. 

(3) 24M8". (4) 19«.0M8". 

(6) 143'.9'. (6) 28*. 

(7) 10«.25'.48". (8) 27'.38'.12''. 
(9) 300M6'.68". (10) 422*. 7'. 22". 

37. To convert the measure qf an angle expressed in 
grades to the corresponding measure in degrees. 

Let the given angle contain G grades. 

1 grade=— of a right angle ; 

G- 

:, O grades = .-7:;:- of a right angle 

lUU 

=77^ of 90 degrees 

906? , 
= 100 ^^^' 

9G . 
=— degrees. 

Henoe we obtain the following rule; If au ow^jVa \>* «»- 
pressed in grades, multiply the mccwure iu ato^* "^ \| 
dtpuie the result by 10, and you obtain tK« mwiwrrft oj ^** 
af^^ in degrees, c^— ^ 
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Ex. How many degrees are contained in the an^lo 

42*. 34' . 66' =42-3466 grades 
9 

10 



381-1104 



degrees 38-11104 

60 



minutes 6*66240 

60 



seconds 39*74400 
.*. the angle contains 38^ . 6' . 39'''744. 

BXAMPLBS.— VII. 

Find the number of degrees, minutes/and seconds in the 
following angles : 

(1) 19«.46\96'\ (2) 124«.6'.8^\ 

(3) 29«.75\ (4) 15«.0M6*\ 

(6) 164«.7'.24'\ (6) 43'. 

(7) S8«.7r.20''-3. (8) 60«.76\ 94''-3. 
(9) 170«.63\27*\ (10) 324».13\88''*7. 

38. If the nwmber of degrees in an angle he given, to find 
its circular measure. 

Let the given angle contain D degrees. 
1®= -tt: of two right angles 

=Ym ^^ ^ ^^ ^^ circular measure 

IT 

= — units of circular measure ; 
' • ^"^ Ton ^^ ^^ circular me^iBar^ 
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Ilcnce we obtain the following rule: 

If an angle he expressed in degrees, multiply the measure 
in degrees by n, divide the residt by 180, and you obtain tJis 
circular measure qfthe angle, 

Ex. Find the. circular measure of 45^ 15' ; 

45« . 16' = 45*25 degrees ; 

.*. circular measure required is 

45-25 X TT ^ 45257r ^ 905?r ^ ISItt 
180 ~ 18000 ■" 3600 720 ' 

Examples.— VIII. 

Express in circular measure the following angles : 
(1) 60«. (2) 220.30'. (3) 11M5'. (4) 270", 
(5) 316«. (6) 240.13'. (7) 950.20'. (8) 120.6': 4" 
(9) The angles of an equilateral triangle. 
(10) The angles of an isosceles right-angled triangle. 

39. If the circtdar measure qf an angle be given to find 
the number cf degrees which it contains. 

Let 6 be the given circular measure. 

r = - of two right angles 

IT 

= - of 180 degrees 

IT 

180 , 
= — degrees: 

IT 

,'. &'=^— degrees. 

A' 

Hence we obtain the following rule : 

If an angle be expressed in circiilar taccwuTft, •wfuXJ^'iD^'^ 
^Ae measure by 180, divide the resiilt lyy ir, atvd •tfcm o^taw- 1^ 
measure qfthe angle in degrees. 
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Ex. Express in degrees the angle whose drcular measure 

IS -g-. 

The measure m degrees = — = —=112*6 degrees. 



' Examples. — IX. 

Express in d^^ees, &c. the angles whose circular measures 
are 

(1) \' (2) l- (3) i- W l (6) f . 

(6) |. (7) \. (8) i. (9) i. (10) |. 

40. Similar rules will hold with respect to the equations 
for connecting the centesimal and the circular systems, 200 
being put in the place of 180 : thus 

circular measure of an angle containing G grades = Q . ^^ , 

number of grades in the angle whose 

. , ... 200 

circular measure is 6=^6. — . 

Examples.— X. 

Express in circular measure the following angles: 

(1) 60«. (2) 25«. (3) 6«.26\ (4) 260». 

(6) 600«. (6) 13«.6\6^\ (7) 24M6\2^*-16. 

(8) 125«.0M3*\ (9) 3\ (10) 6*\ 

Examples.— XI. 



Express 

iff 

(1) |. 


in grades, &c. the angles 
(2) I (3) f . 


\ whose circular measures 
(4) ^. (5) ^. 


re; / 


(7) I (S) \. 


cs) V 


^.^«^ * w 
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41. We shall now give a set of Miscellaneous Examples to 
illustrato the principles explained in this and the two preceding 
Chapters. 

Examples.— XII. 
{Note, Circular measure is not introduced till Ex. 17.) 

1. If the unit of angolar measurement be 5^ what is the 
measure of 22^® ? 

2. If an angle of 42^^ be represented by 10, what is the 
unit of measurement ? 

3. An angle referred to different units has measures in 
the ratio 8 to 5; the smaller unit is 2^, what is the other? 
Express each unit in terms of the other. 

4. An angle referred to different units has measures in the 
ratio 7 to 6 ; the smaller unit is 3^ what is the other? Express 
each unit in terms of the other. 

5. If half a right anglo be taken as the unit of angular 
measurement, what is the measure of an angle of 42^ ? 

6. Compare the angles 13^ 13' . 48" and 14«. T . 

7. If 2> be the number of degrees in any angle and G the 
number of grades, shew that G^ = 2) + - 2>. 

8. An equilateral triangle is divided into two triangles by 
a line bisecting one side ; express the angles of these two tri- 
angles in degrees and grades respectively. 

9. If the angles of a triangle are in Arithmetical Pro- 
gression, shew that one of them is 60^. 

10. Reduce 39**012 to degrees, minutes and seconds. 

11. If there be m English minutes in an angle^ find the 
number of French seconds in the same angle. 

12. What fraction of a right angle must be the unit in 
order that an angle of 6®. 33' . 20" may be t«^T^^\i^R^\s^ ^\ 

13. What must be the tant asi^\o \l VXv^ ixxHi^i;^^^^" 
Bures of a. degree and a grade iR 1 "^ 
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14. If there be three angles in arithmetical progression, 
and the number of grades in the greatest be equal to the 
number of degrees in the sum of the other two, the angles are 
as 11 : 19 : 27. 

16. Prove that ^ = 116«. 47' nearly. 

16. The three angles of a triangle are in arithmetical pro- 
gression, and the number of grades in the least : the number 
of degrees in the greatest :: 2 : 9. Find the angles. 

17. It being given that the angle subtended by an arc 
equal to the radius is 67"'29677, find the ratio of the circum- 
ference of a circle to its diameter. 

18. Two angles of a triangle are in magnitude as 2 : 3. / 
If the third angle be a right angle, express the angles of this 
triangle in each of the three systems of measurement. 

19. Two straight lines drawn from the centre of a circle 
contain an angle subtended by an arc which is to the whole 
circumference as 13 : 27 ; express this angle in degrees. 

20. An arc of a circle is to the whole circumference as 
17 : 54; express in grades the angle which the arc subtends at 
the centre of the circle. 

21. Determine in grades the magnitude of the angle sub- 
tended by an arc two feet long at the centre of a circle whoso 
radius is 18 inches. 

22. One angle of a triangle is 2 in circular measure, and 
another is 20^ : find the number of grades in the third. 

23. An arc of a circle, whose radius is 7 inches, subtends 
an angle of 16^.39''.7'^ what angle will an arc of the same 
length subtend in a circle whose radius is 2 inches ? 

355 

24. What is the circular measure of 11*. 30' if rr = ry^ ? 

lio 

25. If the numerical value of an angle measured by the 
mlar system he ( - ) , how many degrees does \l cwvXa.Ssi'X 
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26. The whole circumference of one circle is just long 
enough to subtend an angle of one grade at the centre of 
another circle: what part of the latter circumference will 
subtend an angle of 1^ at the centre of the former circle ? 

27. Taking 4 right angles as the unit, what number will 
represent 1®, 1', 1* respectively 1 

28. The earth being supposed a sphere of which the dia- 
meter is 7980 miles, find the length of 1^ of the meridian. 

29. If half a right angle be the unit of angular measure- 
ment, express the angles whose measures are 

-, 4, TT, 4n + - , 

(1) in degrees, (2) in units of circular measure. 

30. If the unit bo an angle subtended at the centre of 
a circle by an arc three times as lai^ge as the radius, wha* 
number will represent an angle of 45^ ? 

31. Express in degrees : 

(1) The angle of a regular hexagon. 

(2) The angle of a regular pentagon. 

82. Express in grades : 

(1) The angle of a regular pentagon. 

(2) The angle of a regular octagon. 

33. Express in circular measure : 

(1) The angle of an equilateral triangle. 

(2) The angle of a regular hexagon. 

34. Find the circular measure of the angle of a regular 
polygon of n sides. 

35. The radius of a circle is 18 feet, find the length of an 
arc which subtends an angle of 10^ at the centre. 

36. The angles in one regular polygon are twice a& xjasasc^ 
as those in another polygon, and «a «Ki<^Q ^1 \>aRk Vsrcast \ -wew 
an^te of the latter :: 3 : 2. ¥md t\i© w\xm\ict o\ >iXv^ «^^«*''^ 

each. 



CHAPTER V. 



On the Use of the Signs + and - to detiote Contrariety 

cf Direction, 



42. In a science which deals with the distances measured 
from a fixed point, it is conyenient to haye some means of dis- 
tinguishing a distance, measured in one direction from the 
point, from a distance, measured in a direction exactly op- 
posite to the fbrmer. This contrariety of direction we can 
denote by prefixing the Algebraic signs + and - to the sym- 
bols denoting the lengths of the measured lines. 

43. It must also be obseryod that magnitudes of things 
cannot properly be made subject to the rules and operations 
of Algebra, as these rules and operations haye only been 
proved for algebraical symbols. We must therefore find some 
algebraical representative for any magnitude before we sub- 
ject it to algebraical operations : such a representative is the 
measure of that magnitude with the proper sign prefixed. 

44. We explained in Chapters i. and ni. the principles of 
algebraical representation as applied to the measures of lines 
and angles, and we have now to explain the rules by which we 
are enabled to express contrariety qf direction in the case of 
lines and angles by employing the signs + and -. 

4S Suppose that two straight roada NS, WE \w\ft^^^\» 
two another atrigbt angles at the point O. 
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A traveller comes along SO with the intention of going 



W 



N 



.0- 



n 



Suppose OE to represent a distance of 4 miles 

and OW to represent a distance of 4 miles, 

and suppose the trayeller to walk at the rate of 4 miles 

an hour. 

If on coming to he makes a mistake and turns to the 
left instead of the right he will find himself at the end of an 
hour at W, 4 miles further from E than he was when he 
reached 0. 

So far from making progress towards his object, he has 
walked away from it : so far from gaining he has lost 
ground. 

In Algebraic language we express the distinction between 
the distance he ought to have traversed and the distance he 
did traverse by saying that OE represents a. positive quantity 
and OJV B, negative quantity. 

46. Availing ourselves ot i\io ql^nvdXsv^*^ ^iSisst^^^^s^^^ 
mo of the signs + and - to inaAcaJUi ^i^v5» ^vc«eJCv>«v^ ^\xn» 
wo make the following conventions *. 
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(1) Let be a fixed point in any straight line BOA. 



B 







Then, if distances measured from in the direction OA 
l>e considered positive, distances measnred from (9 in tho 
direction OB will pro];)erly be considered negative. 

Hence if OA and OB be equal and the measure of each 
be m, the complete algebraical representatiye of OA is m, 
whereas that of OB is — m. 

The direction iu which the positive distances are measured 
is quite indifferent, but when once it has been fixed, the nega- 
tiye distances must lie in the contrary direction. 

(2) Let be a fixed point in which two lines AB, CD cut 
one another at right angles. 







D 



Then, if we regard lines measured along OA and 00 as 
positive, we shall properly regard lines measured along OB 
and OD as negative. 

I This conrcDidon ia extended to lines parallel \ft AB w GB 

lo tbo following mauner : 
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Lines parallel to CD are positiye when they lie above ABy 

negative below ^i9. 

Lines parallel to AB are positiye when they lie on the 
right of CDy negative when they lie on the left of CD. 

47. We may now proceed to explain how the position of a 
point may be determined. 

N8 and WE are two lines catting each other at right 
angles in the point O, 



-N 



P. 



^P 



W 



O 



TJ 



S( 

The position of a point P is said to be known, when the 
lengths of the perpendiculars dropped from it on the fines NS 
and WE are known, provided that we also know on which 
side of each of the lines NS and WE the point P lies. 

If the perpendicular dropped from P to WE be above 
WE it is reckoned positive. 

If the perpendicular dropped from P to WE be below 
WE it is reckoned negative. 

If the perpendicular dropped from P to NS be ou tlkA 
right of NS it is reckoned positit^. 

If the perpendicular dropped txom P \ft NS \i«i ksivV^ws^^*^ 
ofIVS it ia rt9ckoned negative. 
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48. Angles in Trigonometry must be considered not with 
respect to their magnitude only, but also with reference to 
their mode of generation ; that is to say, we shall have to con- 
sider whether they are traced out by the reyolution of the 
generating line /rom right to 10 or from 10 to right, 

49. Let a line OP starting from the position 0£ revolve 
abeut in the* direction ENWSE; that is, in a direction 
contrary to that in which the hands of a watch revolve. 



jsr 



w 







Then all angles so traced out are considered positive. 

When OP reaches the line 

ON it will have traced out a right angle, 

OW two right angles, 

OS three right angles, 

OE four right angles. 

If we suppose the line to revolve in the direction ESWNE, 
we may properly account the angles traced out by it to be 
negative angles. 

For the sake ofcleamesa we shaLll call OP t\i© reTBolmngXwi^ 

•and OE tho priiaitiiDeAMi^t. 
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60. Now suppose P to be a point in the revolving line OP, 

Let a perpendicular let fall from P meet the line j^^ in 
the point My and let this be done in each of the four quarters 
made by the intersection of N8 and WE^ as in the diagrams 
in the next article. 

Then in the first quarter PMhs^ positive and OMS& positive, 

second PJfispositive and 0^ is negative, 

third PJf is negative and OJf is negative, 

fourth PJfis negative and OJf is positiva 

Note. — When we say that a line PM is positive or negative 
we mean that its measure has the + or — sign prefixed to 
indicate the direction in which it is drawn. 

Thus if the measure of PM be p, the complete algebraical 
representative of PM will be p or —p according as PM is above 
or below JVE, 

So also if the measure of CM be q, the complete algebraical 
representative of OMyniU. bo ^ or — ^, according as OM is on 
the right or left of NS. 



\ 



CHAPTER VI. 



On the Trigononietrtcal Ratios, 



51. Let tho lino OP revolving from the position OE about 
O from right to left describe the angle EOP^ which we shall 
call tho Angle of Reference. 

From P let fall the pori)endicular PM on the line EO W. 

We then obtain a right-angled triangle POM^ which we 
•hall call The Triangle of Reference. 



(1) 



(2) 



(3) 



W 



W 



L 



(k 



M 



E 



\ ■•■•■ 



W M 



wMr'6\ 



E 




/ 



B ftr 




in fig. (1) the angle of reference is an acute angle. 

In fig. (2) it is an obtuse angle. 

In fig. (3) it is greater than two right angles but less than 
three right angles. 

In £g. (4) it ia greater than three tigYit axi^\e& \3iV3A.\««a VXiaxi. 
or rigbt angles. 
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(2 

• (3 

-f (4 

• (6 



is defined to be the sine of the angle EOP^ 



OP 

OM 
OP 



cosine 



PM 

0^ tan^erA 



OP 
PM 

OP 
OM 



./. cosecant 

Becani 



OM 

jyMg - cotangent 



52. It will be observed that 

1 



cosecant EOP = — 



sine EOP 
secant EOP= 



cosine EOP 



53. The words sine, cosine, &c. are abbreyiated, and th^ 
Trigonometrical Ratios of an angle A are thus written: 

sin ^, cos ^, tan A, cosec A, sec A, cot A, 

54. The defect of the cosine of an angle from unity is 
oallod the versed sine, thus, 

yersed sine EOP = 1 - cos EOP, 

The words yersed sine are abbreyiated to versin, 

55. The powers of the Trigonometrical Ratios are ex- 
pressed in the following way : 

(sin Af is written thus, siu*^, 

(cos Afia writteii \i!km&, co^ A , 

and so for the other ratios. 
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56. We have giyen the Ratio-definitions in the most 
general form, but we shall for the present confine the attention 
of the student to the particular cases of the Ratios of Acute 
and Obtuse Angles, with which we are chiefly concerned in 
this treatise. 

RoHosfor Acute Angles, 

67. The six Trigonometrical Ratios are arithmetical quan- 
tities, denoting the relations existing between the sides of a 
right-angled triangle, which we call the Triangle of Reference, 
taken two by two. 

58. Let us now look at the order in which the sides are 
taken to foi;m the ratios which we call the sine and the cosine 
of an acute angle. 

Referring to fig. (1) of Art. 51, 

PM 



sineJ&OP= 



cosme^OP= 



OP' 

OM 
OP' 



In each case the denominator of the fraction is formed by 
that side of the triangle of reference which is opposite to the 
right angle. 

Of the two other sides we may call PM the side opposite 
to the angle of reference, so as to distinguish it from Olf the 
side adjacent to the angle of reference. 

Hence in determining the ratio which we call the sine of a 
g^ven acute angle we must take as the numerator of the frac- 
tion that side of our triangle of reference which is opposite to 
the given angle; and in determining the ratio which we call 
the cosine of a given acute angle we must take as the nume- 
raJtor of the fraction that side of our triangle of reference 
which is a^acent to the given angle: the denominator being 
in both cases that side of the triangle which subtends the right 
angle of the triangle. 

J)i^oU, — Omitting the word aciUe in this Article the remarks 
wiff be applicable to all the dia^crams of Art. 6\« 
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69. If the remarks given in the preceding Article be 
clearly understood, the student will find no difficulty in writing 
down the. ratios for the sine and the cosine of a given acute 
angle, whatever may be the position in which the trhngle of 
reference for that angle may stand. 

Suppose PM to be perpendicular to OM^ 

m 

DN to be perpendicular to PM, 
Then POM/PDN, 2>iOr are three right-angled triangles. 




Now 



Also 



sm POM=Y)p' coaPOM=^p, 
%mOPM^^i co^OPM=^, 

%\vlDPN=^^\ cosi)Pi\r=^. 
8inP2>iV^=^: cosP2>iVr=^. 

sini)Jfiv=-=r.s>: co&DMN= ^^. 
DM DM 

sin NDM— ^^av • cos NDM= ^r^r . 
DM DM 

60. When once the student has acquired facility vcl ^ic^xs!^ 
on the linos which form the xalloa csXV^^ \\i^ «^t^^ «sA "Osn^^ 
cosine, he will be able to detenmae t\i^ o>;3Mit Iwa x^\K^^^^^- 
ont any trouble. ^^r— ^ 



And 
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Examples.— XL II. 

(1) Let ABC be a triangle. Draw from B a peri>endi 
BD on AC^ and let it be within the triangle. Then writ 
following ratios: 

%mBAD, cos BAD, tatxiBAD; 
lanABDf cot ABD, cosee A BD; 
siaBGD, mnCBDy tsjiBCD. 

(2) Let ABC be a right-angled triangle, having B a 
right angle, and let the angles be denoted by the le 
Ay By Cy and the sides respectively opposite to them bj 
letters a> &, c, 

a 




A ^ B 

Shew that 

a=h,^A =6 .cos(7=c. tan^=<?. cot(7, 

&=a.cosec^=a.secC7=c . sec^=c. cosecC7, 
c=a.cot^ =a.tan(7=&. cos^ = &. sin (7. 

J^ote, — ^These results are worthy of notice, as being of 
quent use in a later part of the subject. 

61. Hie triffonometrioai ratios remain unchange 
long as the angle is the same. 




T£~m 



£ 
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Let EOB be any angle. 

In OB take any points P, P' and draw PM, P'M' at right 

angles to OE. 

Then, since PM^ P'M' are parallel, 

the triangles OPM^ OP'M are similar. 

PM P'M' 
Hence OP'^lOP' ' 

i,6, the value of the sine of EOB is the same so long as the 
angle is the same, and this result holds good for the other 
ratios. 

The figure represents the simplest case, where the given 
angle is less than a right angle, but the conclusion is true 
for all angles. 

Ratios for Obtuse Angles, 

62. Suppose AGB to be an obtuse angle. 
Draw AD at right angles to BC produced. 

A. 




Then, regarding ACB as an angle described by CA re- 
volving round C from the position CB, 

AD 



smACB= 



cos ACB= 



AC 
CD 



AC 

Now suppose the measures of AD^AC^ DC to bep, q, r 
respectively. 

Then the complete algebraical representative of AD is+^, 

of ^C7is+^, 

of CD iB-r. 

for CD is measured from C in a direction exoAil'^ o'p'pq«V.\a \& 
that of the primitive line GB, 
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63. In the application of Algebra to Geometry it is the 

practice of most ivriters to use the geometrical representative 

of a magnitude where the algebraical representative ought to be 

employed. Thus suppose p and ^ to be the measures of two 

AB 
lines ABy CD^ we often find the fraction jf^ where we ought 

in strictness to find the fraction - . This loose method of no- 

tation is, however, sometimes less cumbersome, and we shall 
therefore retain it at the risk of a slight want of clearness. 

64. Whenever we represent the ratios of lines algebraically 
we must be careful to put the complete algebraical representa- 
tive for each line. This cannot be too strongly impressed on 
a beginner, and we therefore give another illustration of it 

Let EG W be the primitive line and a diameter of a circle, 
NOS a diameter at right angles to EG W, 
and PGP* any other diameter. 

Draw PM and PM' at right angles to EG TV. 

liQip be the measure of PJf and PJiT^ 
r the measure of the radius. 




Then the ratio PM : PG is represented algebraically by 



P 



but 



PM : PO by --^. 

T 



CHAPTER VII. 

On the changes in Sign and Magnitude of the Trigonome- 
trical Ratios of an Angle as it increases from o® to 
3600. 

€5. Let N8^ WE bisect each other at right angles in 
the point 0, and let a line equal in length to OE be supposed 
to revolve in the positive direction from OE round the fixed 
point 0, 

' Let r be the measure of OE, 




O' MM MM W 



Aa the revolving lino passes irom \Xxft \mvXKwi. Ca \» !^^ 
positions ON, O W, OS, OE, the eTLtreTsivX.^ \ic^>B«»» o^"^ ''^ '^'^^'^ 



40 CHANGES IN SIGN AND MAGNITUDE. 

If we take a succession of points in EN^ as P, P, P, P, 
and from them let fall perpendiculars PM^ PM, PM^ PM 
on the line OEy and do the same in the other quadrants, 
it is clear that 

In passing from Eix) N, 

PJf continually increases from zero to r, 

OM continually decreases from r to zero. 

In passing from Nto W, 

PJf continually decreases from r to zero 
OM continually increases from zero to r. 

In passing from ^ to ^, 

PJf continually increases frt)m zero to r, 
OM continually decreases trom r to zero. 

In passing from SixiE, 

PM continually decreases from r to zero, 
OM continually increases from zero to r. 

Again, 

PM is positive in the first and second quadrants, 
negatiye in the third and fourth. 

OMiB positiye in the first and fourth quadrants, 
nogatiye in the second and third. 

OP is always positive, and always =r. 

66. To trace the changes in sign and magnitude qf t/ie 
sine of an angle as the angle increases from 0^ to 360^ 

Let NOfS, EOW be two diameters of a circle at right 
angles. 

Let a radius OP, whose measure is r, by revolving from 
OE trace out any angle EOP^ and denote this angle by A. 

From P draw PJf at right angles to EO W. 
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Ar a increases from 0* to 90®, OP revolves from OE 
to ON, 

/. PM increases from to r and is positive, 

OP is always = r positive; 

.*. sin ^ increases from Otol positive. . 

As A increases from 90* to 180®, OP revolves from ON 
to OW, 

,\ PM decreases from r to and is positive, 

OP is always = r positive; 

.*. sin A decreases from 1 to positive. 

As A increases from 180® to 270®, OP revolves from W 
to OS, 

.*. P3f increases from to r and is negative, 

OP is always = r positive; 

.*. sin A increases from to 1 negativa 

As A increases from 270® to 360®, OP revolves from OS 
to OE, 

/. PM decreases from r to «ii<i\^ XL^ei^v^^^k 

OP is always = r ^«^\s^\ 

/. sin^ decreaaea froml to ti«®w^«^ 



42 CHANGES IN SIGN AND MAGNITUDE, 

67. To trace the changes in ths sign and magnitude 
qf ths cosine, of an angle as the angle increases from (f 

to ze(f. 

Making the same constanctdon as in Art 66, 

J OM 

As A increases from 0* to 90^, OP reyolyes from OE 
to ON, 

•'. OM decreases from r to and is podtiye, 

OP is always =■ r positive; 

/. cos^ decreases from 1 to positiYe. 

As A increases from 90^ to 180^, OP reyolyes from ON 
to OW, 

•'• OM increases from to r and is negatiye, 

OP is always = r positiye; 

.*. eos^ increases from to 1 B^;atiye. 

As A increases from 180® to 270^ OP reyolyes from W 
to OS, 

.*. OM decreases from r to and is negative, 

OP is always = r positive; 

.*. con A decreases from 1 to n^;atiye. 

As A increases from 270® to 360®, OP revolves from OS 
ioOE, 

,\ OJf increases from to r and is positive, 

OP is always = r positive; 

,\ cos -4 increases from to 1 positive. 

68. To trace the changes in the sign and magnitude qf 
the tangent qf an angle as the angle increases from 0® 
to 360®. 

Making the same constraction as in Art 66, 

UmA^-^j^. 



CHANGES IN SIGN AND MAGNITUDE. 43 

As A increases from 0® to 90*^, OP revolves from OE 
to ON, 

.*. PM increases from to r and is positive, 

OM decreases from r to positive; 

.*. tan^ increases from to <x> positive. 

As A increases from 90® to 180®, OP revolves from ON 
to OW, 

/. PM decreases from r to and is positive, 

OM increases from to r negative; 

.*. tan^ decreases from a> to negative. 

As A increases from 180* to 270'', OP revolves from W 
to OS, 

.'. PJf increases from to r and is negative, 

OM decreases from r to negative ; 

.*. tan^ increases from to ao positive. 

As A increases from 270® to 360®, OP revolves from OS 
to OE, 

.'. PM decreases from r to and is negative, 

OM increases from to r positive; 

.'. tan^ decreases from oo to negative. 

Note. — ^The symbol oo is used to denote nmnbers which are 
infinitely great, and the symbol is used to denote numbers 

which are infinitely small. When we say that -= a> we mean 

that if any finite number r be divided by a number infinitely 
small the quotient is a number infinitely great 

69. When A is less than, but very nearly equal to 90®, 
tan A is very large and positive, and when A is very little 
greater than 90®, tan^ is very large and negative. This is 
expressed by saying that the tangent of an angle changes sign 
in passing through the value qo. 

To explain this more cleaiTVy ti^ ^^^ VMjKXjkSt xssrJQqsj^ ^ 
tradng the changes in the aign Mi-OLXJ^ajgotosL^ ^^ 'wa. -^-^ "^^ 
inci'easea from 0® to 180\ 
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Let NOSy EO W be two diameters of a circle at right 
angles. 

Suppose a line OP revolying from the position OE to trace 
out any angle EOF, and denote this angle by A. 

Draw EC^ WD at right angles to EO W, and let them meet 
the revolving line in any points P, P. 
Let the measure of OE be r. 




Then as A increases from 0* to 90*, 

EP increases from to qo and is positive, 

Oi^ is always = r positive; 

.*. tan A increases from to qo positive. 

As A increases from 90* to 180*, 

JVP 

WP decreases from oo to and is positive, 

OFF" is always = r negative; 

.'. tan^ decreases from qo to n^gativa 

Thus as the revolving line passes from one side of ON to 
the other, tan A changes from + qo to — oo . 

70. The changes of the cosecant, secaxiVi «cii^ cKAax^<^wV 
Mbouldbe traced for bimaelf by the student, iox p-wyctacfe. 
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Columns 1, 3, S, 7, 9 give the ralneB of the ratios for the 
particular raluea of the angle placed above the colutniiB. 

Oolumns 2, 4, 6, 8 give the signs of the ratios as the angle 
passes from 0" to 90°, from 90° to 180', from 180° to 270°, and 
from 270° to 360 



cot^ 



72. The sine md oowne are never greater than unitj. 

The coBBcant and secant are never less than nnity. 

The tangent and cotangent have all values from EOro t« 
iuGnit;. 

73. The Trigonometrical Ratios change sign in passing 
through the values and m and for no other values. 

74. From the results given in the table (Art 71) we are 
led to the following conclusion, which will be more fully ex- 
plained hereafter. 

If the value of a Trigonometrical Ratio be ^ven, we cannot 
Gz on one angle to which it esclusivelj belongs. 

Thus if the (^ven value of sin .ij be ^ , we know, since sin A 
passes throi^h all values Amm to 1 as ^ increases from 0° to 
90°, that one value of ^ lies between 0° and 90°. But since we 
also know that the valuo of sin A passes through all values be- 
tween 1 and as ^ increases from 90° to 180°, it is evident tliat 
tiiere is another value of A between 90 and 180° for which 



CHAPTER VIII. 
On Ratios of Armies in the First Quadrant. 



75. We have now to treat of the values of the Trigono- 
metrical Ratios for some particular angles in the first quadi-ant. 
These angles, which we shall take in their proper order, as they 
are traced out by the revolving line, are 0®, SO'', 45*, 60®, 90*. 

76. The signs of all the ratios for an angle in the first 
quadrant are positive. 

77. To find the Triffonometrical Ratios for an angle 
qf 0^ We have ah*eady proved in the preceding Chapter that 

sin 0*^=0, coflO«=l, tan 0^=0. 



co8ec0*=oo, secO®=l, 



cot 0*= 00. 



78. To find the Triffonometrical Ratios for an angle 
qfdff. 




Let OP revolving from the position OE describe an angle 
'9/^ equal to one-tbtd of a right angle, ^hat^a ttii ^s^^ ^l ^^^ 
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Draw the chord PMP* at right angles to OE^ and join OP'. 

Then angle OP'P=^OPP'=W-POM^m\ 

Thus POP^ is an equilateral triangle, and OJf bisects PP' ; 

.'. OP^^M, 
Let the measure of PM be m. 
Then the measure of OP is 2m. 

And the measure of OM is J (4m' - m*) = v/ (Sm*) = m . V3. 

PM m 1 



Then 



8in30«= 



OP 2m 2' 



OP 2m 2 



tan 30*= 



m 



PJJf 



OM m^Z V3' 



So also 



cosec 30^=2, sec 30<>=-t- , cot 30*= V3. 



79. TV) /«c^ the Trigonometrical BaJtioa for an angU 




Let OP revolving from the position OE describe an angle 
EOP equal to half a right angle, that is an angle of 45®. 

Draw PM at right angles to OE. 

Then since POJf and 0PM are together oo^l ^'sw^c*?^ 
angle, and POM is bali a t\^\v\. woi^^^OP-M \^ 5^%s^^^^^ ^ 
right ai^Ia 
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Thus POM is an isosceles triangle, and OM^PM. 
Let the measure of OM be m. 
Then the measure of PM is m. 

And the measure of OP is V (m' + vnF) = y/ {2m^ = m V2. 

P3f m 1 



Then 



sin 46®= 



OP m^2 V2' 



.^0 Oilf m 

COS46''=:?^-„ = 



OP mv2 V2' 

tan 45''= 77^? = — = 1. 
OM m 

So also coscc45® = v2, sec 45^=^2, cot 45*= 1. 

80. To find the Trigonometrical Ratios for an angle 

r/eo". 




Let OP revolving from the position Oi^ describe an angle 
EOP equal to two-thirds of a right angle, that is an angle 
of 60\ 

Draw PM at right angles to OE and join PE, 

Then POE is an equilateral triangle and PM bisects OE, 

/. 0P=20M, 
Let the measure of OM be m. 

Then the measure of OP is 2m. 

And the measure of PMi» V(4m*-m*)= J(3m^=mV3. 
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Then 8m60»=^f=^3^^, 

OP 2m 2 ' 

-^ OM m 1 

03f m 

2 1 

So also cosec 60® = "75 , sec 60* =2, cot 60*=-;;;. 

81. To ^TU^ the Trigonometrical Ratios for an angle 
of 90*. 

We have already proved in the precediDg Chapter that 

sin 90*= 1, cos 90*=0, tan 90*= oo , 

cosec 90*= 1, sec 90*= oo , cot 90*= 0. 



Examples.—- XIV. 

If a=0*, i8=30^y=45», S=60®, d=90*, find the numerical 
values of the following expressions : 

(1) cos a . sin y . cos d. (2) sin d . cos - . cosec d. 

(3) sin -- +COS -■— sec a. (4) sin - . cosec - . sec d 

(6) (sin B - cos d+ cosec j8) f cos ^ + sec J + cot fi ) . 

Also prove the foUowiDg : 

(6) (sin 8 - sin y) (cos j8 + cos y) = siu' p. 

sin' --sin'- 

(7) cot'T-cot'I- ^ * 



6 . « ■«• . •'W 
sin* ~ . sin' ;. 
4 o 



(8) («.J+cosJ) («ia|-oo»^V^\- 



so 
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f^\ ^ IT 1 /tt , -wN 1 /tt 7r\ 

(9) «»j.COSg=^COs(^3+gj + -C08(^--gJ. 



Sin' --Bin'- 
(ID) tan'f-taB^f^— 2_^. 

3 o 

82. We are now able to give some simple examples of the 
practical nse of Trigonometry in the measurement of heights 
and distances. 

83. The values of the sines, cosines, tangents and the 
other ratios have been calculated for all angles succeeding each 
other at intervals of 1^ , and the results registered in Tables. 

Instruments have been invented for determining : 

1. The angle which the line joining two distant objects 
subtends at the eye of the observer. 

2. The angle which a line joining the eye of the observer 
and a distant object makes with the horizontal plane. 

If the object be above the observer the angle is called the 
Angle of Elevation. 

If the olj^^ ^ behw the observer the angle is called the 
Angle of Depression. 

84. . To find the height qf an object standing on a hori- 
zontal plane, the laseofthe dtoect being accessible. 

Let PQ be a vertical column. 

From the base P measure a horizontal line AP. 

Then observe the angle of elevation QAP. 

a 




^e can then determine the height oi tVie co\wcm\, ^^st 

Qr=:AP.tsffvQAP. 
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85. To find the hreadUh of a river, 





Let RS be the horizontal line joining two objects on the 
opposite banks. 

From 0, a point in a vertical line with Ry observe the angle 
of depression 08R. 

Then if OR be measured we can determine the length 
otRSyior 

OR 



RS^ 



iasiOSR' 



86. To find the height of a fiag-itaff on the top of a tower. 




Let RQ be tlie flag-sta£ 

From P the base of the tower measure a horizontal Imo ^P, 

Observe the angles RAP and QAP. 

Then we can find the lengtbi oi RQ^ loit 
RQ^RP^QF 
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87. To find the altitude qf the Sun, 

The altitude of the Sun is measured by the angle between 
a horizontal Lne and a line passing through the centre of 
the Sun. 

ItAB be a stick standing at right angles to the horizontal 
plane QR, and QB the shadow of the stick on the horiiX)ntal 
plane, a line joining QA will pass through the centre of the 
Sun. 



A' 




0. B B 

Then if we measure AB and QB wo shall know the alti- 



tude of the Sun, for 



tan SQR= 



AB 



QB' 



Examples.— XY. 

(1) At a point 200 feet from a tower and on a level with 
its base the angle of elevation of its summit is found to be 60® : 
what is the height of the tower ? 

(2) What is the height of a tower whose top appears at an 
elevation of 30® to an observer 140 feet from its foot on a 
horizontal plane, his eye being 5 feet from the ground ? 

(3) Determine the altitude of the Sun when the length of 
a vertical stick is to the length of its shadow as ^3 : 1. 

(4) At 300 feet measured honzoiitfiAi^ ttom ^Ai^ ^w>\. ^l ^ 
f^teeplo the angle of elevation of the top Va lovfli^L Vi >tt^ ^^^ 
^f^t 18 the height of the steeple % 
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(5) From the top of a rock 245 feet above the sea the 
angle of depression of a ship's hull is found to be 30^ How 
far is the ship distant ? 

(6) From the top of a hill there are observed two con- 
secutive milestones, on a horizontal road, running from the 
base. The angles of depression are found to be 45* and 30*. 
Find the height of the hiU. 

(7) A flag-staff stands on a tower. I measure from the 
botiX>m of the tower a distance of 100 feet. I then find that 
the top of the flag-staff subtends an angle of 45* and the top of 
the tower an angle of 30* at my place of observation. What is 
the height of the flag-staff? 

(8) From the summit of a tower whose height is 108 feet, 
the angles of depression of the top and bottom of a vertical 
column, standing on a level with the base of the tower, are 
found to be 30* and 60*. Find the height of the column. 

(9) A person observes the elevation of a tower to be 60*, 
and on receding from it 100 yards further he finds the eleva- 
tion to be 30^. Required the height of the tower. 

(10) A stick 10 feet in length is placed vertically in the 
ground, and the length of its shadow is 25 feet. Find the alti- 
tude of the Sun, having given tan 25*= '4. 

(11) A spire stands on a tower in the form of a cube 
whose edge is 35 feet. From a point 23 feet above the level 
of the base of the tower, and 20 yards distant from the tower, 
the elevation of the top of the spire is found to be 56* • 34'. 
Find the height of the spire, having given tan 56* . 34' = 1*5. 

(12) The length of a kite string is 250 yards and the angle 
of elevation of the kite is 30*. Find the height of the kite. 

(13) The height of a house-top is 60 feet A rope is 
stretched from it and is inclined at an angle of 40*. 30^ to the 
ground. Find the length of the rope, if sin 40* . 30^ = '65. 

(14) A tower on the bank of a river is 120 feet high, and 
the angle of elevation of the top of the tower from the op- 
posite bank is 20* ; find the river's breadth if tasi^Vi^ =*'^^. 

(J5) !l'/ie altitude of tbe ^xm la ^^ .^^ '« "^^^V^^^ 
length oftho shadow of a man 6 it. iAigki, VL\»si^^^ -^^ -'^ 



CHAPTER IX. 



On the Relatiofis between the Trigonometrical Ratios far 

the same Angle. 

88. Let EOF be any angle traced by OP revolving from 
the position OE^ and let a perpendicular P^be dropped on 
OE or EO produced, thus 





JIf 



Let the angle EOP be denoted by u^. 
Then we can prove the following relations : 
fssiA 




L tanil = 



w&A ' 



PM 



_ ^ . PM OP sin^ 
Fortan^ = .g3g. = ^--_j. 

OP 

11. sinM+cosMal. 

For 8mM+00fl^^ = -5r«!r + 



PM^+OM^ OP^ 



OP^ 



0P» 



«1. 
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III. 8ec^^ = l+tan»^. 

For «ec'^=5^2= qm^ =l-f g^=l-HtanM. 

IV. cosecM « 1 + cot?-4. 

For co8ec«^=-p^ = — ^^j^^_=i+^^^-j=l+cot«^. 

89. We shall now givo a number of easy examples by 
which the student may become familiar with the formuleo 
which wo have just obtained. 

Ho must observe that these formulsB hold good for all 
magnitudes of the angle which wo have represented by the 
letter A, that is, not only 

8inM + cos2-4 = l, 
but also 8in'^ + cos2tf=l, 

and 8in*a?+cos*;i?=l, 

and sm*45<>+cos»45<>=l, 

and sm«60»+ cos* 60^=1, 

and sin2^+cos*|=l. 

And similarly for the other formulsB. 

90. If then any angle be represented by 6, wo know from 

Art 88, 

,-v . ^ sin^ 

(1) tand=« — 2- 
^ ^ cos^ 

(2) 8m»^+cos«tf=l. 

(3) sec2^»l + tan«^. 

(4) cosec'^=l+cot*d. 
And we also know from Art. 52, 

(5) cosec^=-r— 2. 
^ ' sm^ 

(7) cot 6=^^. 
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9L £x.l. 8hewtIiatBec^-taa^.Bm^=oo8^. 

•ec»-tMi^.sin^=^^-^.8iii^, bj form (6) and (1), 

1 m^e 



<xm3 cmB 
^ l~8in '^ 

008^ 

Ez.2. Shewthat oota— 8ecaco8eca(l— 2Bin'a)=ta]ia. 
cot a - sec a . cosec a (1 — 2 sii^ a) 

^^sa ^ J_ _28m»a), by (7, 6, 6), 

sina cosa sina^ ^ j v 7 » /» 

cosa 1 28in' a 

~sma cosa. sina cosa.sma 

cos'g— l+28in'a 
~ cosa. sina 

_ cos*a"(8m'a+C06^a) + 28m»a , .^. 
"" cosa. sina ' 

cos* a- sin* a- cos' a + 2 sin* a 



cos a . sin a 
sin' a 



cosa. sina 
sin a 



cosa 
=tana. 



li^ mil be observed that in 'working iiiea© exsm^Va ^^ 
commoDced by expresang the other raUoa m \«rma oi ^3s\«k «ai» 
^^>d caswe, aud the beginnor wiU find ih\& ilie «im^\««Jt ^>«^ 
^ost cases. 
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Examples. — ^XVl. 
Prove the following relations : 

(1) cos^.tan^=8in^. (2) sin ^. cot ^= cos ^. 

(3) sin a. sec a —tan a. (4) cosa.coseca=cotcu 

(5) (l+tan*d).cos2d=l. (6) (l+cot«^).8in«d=l. 

/^v tan'a . „ ,^. cosec*a— 1 « 

(9) tan^+cot^=sec^.cosocd;. 

^-^v cos X , cosec a? . tan a? 
^ ^ sin a?, sec a;, cot a? ~" 

(11) cos a; + sin a;, tan a; = sec a?. 

(^^^ teE^?^^'^^- (^^) (cos2^-l)(cot«^4.i)»-i 
(14) cot? a- cos^ a= cot^ a . cos* a. 

(16) 866^0.00860*0 = 800*0 + 00800*0. 

(16) sin«<^+sin»<^.tan'<^=tan*<^. 

(17) cot*<^.sin*<^+sin«<^=l. 

(18) 8ec'<^-l=sin*<^.sec*^. 

(19) 2 versin </> - versin* <f> = sin* <fh 
/<% rv\ sec V — 1 • ii 

92. We shall next shew how to express the cosuie, tan- 
gent and other ratios in terms of the sine. 

Since 8in*d+cos"^=l, 

cos*^=l-8in«^; 

,-. C08^=*V(l-sin*e). 

. . J. A sin^ 

Again tonfl=^^ 

am 6 



-S-TC 



5« 
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Alao 






aec^= 



0060 db^(l-.8m>^' 

Hie dooUe sign before the roGt-symbols is to be exphdned 
Unu. Fot an assigned Talne of sin we shall baTe more than 
one Tahie of B (Art 74). Hence we baye an ambignity when 
we endeaToor to find oos^ from the known Talne of sin0. 
The double sign may generally be omitted in the examples 
we shall hoieafter giva 



93. We shall now gire two examples of anotho* m^od 
of am?ing at expressions for the other ratios in terms of a 
particolar ratia These examples shoold be carefaDr stadied. 

(1) To eacprm the other iriganometrieai ratioe in temu 
qftiiseine. 

Let PAM be an angle whose sine is «, a numerical 
qnantitj. 




Let PMhe dnmn petpendkohr to AM. 
Then if AP be. represented l^ 1 , 
JlflTwiD be represented by 9^ 
k ^od^AfmH tberdme be repieaeiitedby -Jw?* 
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TheD denoting PAMh^ Ay 



^^^J^^^^^^^^^^^^^'J^^^^^^^ 



tan^ = 



PM 



% 



sin^ 



AM JiZ:^ Vl-sinM"' 



and similarly the other ratios may be expressed in terms of 
sin J, 

(2) To express tJie other trigonometrical ratios in terms 
qfihe tangent. 




ir 



Making the same construction as in the preceding Article, 

Let tan^=f. 

Then if AM be represented by 1, PM will be represented 
by ty and AP will be represented by ^l + f. 



Therefore BmA^ 



PM 



tan^ 



^P Vl + <" ^/l + tan8^' 



.AM 1 

COSia=-TT; = 



ond Bimil&rly the other ratios ina^ \^io'vaA. 



Oo 
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Examples. — XVI 1. 

(1) Express the other trigonometrical ratios in terms of 
the cosine. 

(2) Express the other trigonometrical ratios in terms of 
the cosecant. 

(3) Express the other trigonometrical ratios in terms of 
the secant 

(4) Express the other trigonometrical ratios in terms of 
the cotangent 

94. If any one qfthe Trigonometrical ratios he given the 
others may be found. 




Thus suppose smA=^. 

If P^if represent the angle, and FM be perpendicular to 
AM, we may represent PM by 3, AP by 5, and c»onse- 

quently AMhy \^26-9 or 4. 



Then 



. 4 

COS^s-, 

o 



tan -4=^, 



coaecA=^, 



BOC^l ""^ • 
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6l 



a 



95. IftanA^T^ to find sin A and cos A, 

JP 




If PAM represent the angle, and PM be perpendicular 
to AM, we may represent PM by a, AM by &, and conse- 
quently ^P by ija^+h*. 



Then 



sm^ = 



a 



coaAss 



b 



Ja^^U^ 



EXAMPLBS.— XYIII. 

2 
(1) Given sin a^^ : find cos a and tan a. • 

(5) Given cos«=J: find sin. and tana. 

4 

(3) Qiven cosec^^^ : find cos 6 and tan 6, 

(4) Qiyen sin O^-j^: find cos d and tan (?. 

(6) Qivon tan as ^ : find cosec a and sec a. 

(6) GlTcn cosa=-7 : findtdSia^Si<\c^^^^^ 
(7) Qiven 8ind=a: ^XLdtttii6«ai^«^^* 
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h: find tan ^ and coseo ^. 
'6 : find cos 6 and cot ^. 
>'& : find cot 6 and cosec 6. 
:2*4 : find cos 6 and cot 6, 

roi : find sin $ and tan B 

99 
>— : find cos^ and cot ^. 

20 
(14) Qiven coB^=r^: findsin^and tan^ 



(15) Qiven T6r8in^= r^ : find sin $ and sec 6, 

19 



(8) Qiven cos^- 

(9) Given sin^: 

(10) Given co8^« 

(11) Qiven cosec d< 

(12) Given seed: 

(13) Qiven sin ^> 



96. We may here give the geometrical solutions of the 
problem of constructing an angle when its sine^ cosine or tan- 
gent is given. 



. a 



(1) Qiven that the sine qfan angle is r , to construct Uis 
angle. 

The sine of an angle cannot be greater than unity ^ 
.*. a is not greater than &. 




M jU 



Draw a line AB^b, and describe a drclo with centre A 
and radius AB. 

Let BAOhe a quadrant of this circle. 

Mark off on AOHiQ line AN^a. 
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Draw NPy PM^t right angles to AC, AB. 

Then PAMu the angle required: for 

PM AN a 



sin P^if= 



AP^AP^b' 



(2) Given thctt the cosine qf an angle is r , to construct 
the angle. 

Making the same construction as before, 
PAN IB the angle required : for 

(3) CHven that the tangent of an angle is y-, to construct 
the angle. 

Take a line AJif=b, and draw PM^a at right angles to 
^3f (fig. in Art. 95). 

Join AP. Then PAMis the angle required: for 

tan PAM^ --r^rz. = ^ . 
AM 

97. Wo shall now give a set of examples similar to those 
in Ex. XVI. but presenting in some cases more diflSculty. 

Examples.— XIX. 
Prove the following relations : 

/-N cot* 

(4) taaw.coaa>=^{l-i3a^jk\ 



6a ratios for the same ancle. 



(6) co8^=5^(55!«^±:Jl). 

^ cosec^ 

(7) siii'a=(l+co8a).versina. 

(8) taii«a-taii«ff=gg^^"^"!^. 
^' ^ cos^iS.cos^a 

ic\ ^^% ^*ii9 sin' j8- sin* a 

(9) cot'a-cot"p=-r-~ — 5-Y7>. 

(10) 8in"d.taii>d+cos"d.cot2d=tan«d+cot"6>-l. 

(11) Bec*d+tan*d=l+2sec«d.taii«d. 

(12) C08ecd(8ecd-l)-cotd(l-co8^=tand-8inA 

(13) oot?&+taii'&=8ec^&cosec3&'-2. 

(14) cot? A — cos' ^ = cos'^ cosec*^. 

(15) taii*d'Sin'd=:8in«dsec'd. 

(16) (secd-C08ec^)(l+cotd+tan^)=-?^^^-?^^. 
^ ' ^ '^ ' cosec^ sec^ 

,,^. cosec^ sec^ - - 

(n) 7-+ i=8ecd.co8ecd. 

^ ' seed cosecd 

(18) C08d(tand+2)(2tand+l)=2secd+5sind. 

(19) cos ^(2sec^+tan«)(8ec;p-2taii;i;)=2cos;p-3 tana; 

(20) (cosec<?-cot<»«=;-^. 

gecg.cot<?--oo8ectf.tang _^^^^ ^^ 
^ ' cosd— Bind 

(22) 8ecd+cosecd.tan'd(l+cosec*^=2sec?d. 

(23) (sin d+sec d)"+(cos d+cosec ^=(1 +sec d .cosec &f, 

. . l-f-(co8ecd.tan<^)* _ l+(cotd.sin<^y 
^^ l+(co8eca.tan^)«~l+(cota.8in^)«' 

(25) (3-4 sin'A) (1 -3 tanM)= t^-t«D?A^ ^,^<iw? A-^V 



CHAPTER X. 

Comparison of Trigonometrical Ratios for different Angles, 

98. The Complement of an angle is that angle which 
most bo added to it to make a right angle. 

Thus the complement of ^^ is 30^ because 60^+30' ^OO^*, 
and the complement of 14^36'. 16'' is 75^ 23'. 45". 

Also the complement of 80* is 20*, because 80* +20* =100% 
and the complement of 42«. 6* . 28'' is 67». 94' . 72". 

And the complement of ^ is « > because ^ + ^ = ^ • 

Do o o 2 

So generally, if a, )3^ y be the measures of an augle in the 
threo systems, 

complement of the angle =90"- a =100*-^ =—7. 

J* 

Hence if the angle bo negative (see Art 48), and its mea- 
sures be —a, -)S, —yvn the three systems, 

complement of the angle=90"-(-a)=100«-(-^=5r-(-<y) 

=9a»+a=100«+i8=^+y. 

Examples.— XX. 

1. Find tho complements of the following angles : 
(l^ 24» . 14' . 42''. (^ ^ ."t .XT," . 



^ 



MATias fvjc zv/?£XEJirr axs:l£s. 



(1) 3a«-«\5^^\ c» 3eF.3r,T3r\ 

3r 



0) I (2) J- (^ ^ 



W -J- V5) 



WCK w99 ^^09^g^w^^^^^^99% 



TM^fomomutrie^ tUfk^^ ^mm mm^ 




Lei ira% EOW hb two diiuiMted of a efarde a ri^t 



LH M ndim OP reTotTing tran^OIS Uma <mlt Um angle 



M tibe ndhis roTfAro t*«wt OK V^ OK «A\«ek 
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Then angle EOP^^W-A, 

Draw PM and P'M' at right angles to E0» 

Now angle OP'M* = NOP" = ^ = POE. 

Hence the triangles P'OM' and OPilf are equal in all 
respects (EucL l 26). 

Therefore 

8in(90»-^)=8in^OP'=^^^ = ^=cosJSrOP=:cos^, 

cos(90»-.^)=coB^OP'=^' =^=sin^0P=8in J[, 

tan(900-^)=tanJSrOP'=^^J,'=^=cot-&(?P=cot^. 

And similarly it may be shewn that 

cosec(90®-^)=sec-4, sec(90®-^)=cosec4> 
cot (900- -4)= tan ^. 

This is a proposition of great practical importance. We 
liave only proved it for the case in which A is less than 90^, 
but the conclusions hold good for all values of A. 

100. The Supplement of an angle is that angle which 
must be added to it to make two right angles. 

Thus the supplement of 60^ is 120^ because 60*+ 120*= 180*, 
and the supplement of 24*. 43'. 17" is 165^ 16'. 43". 

Also the supplement of 80^ is 120^, because 80> + 120^=200*, 
and the supplement of 114«. 3' . 16' is 86«. 96\ 86'\ 

And the supplement of - is -^ , because 5- + -^ = «-. 

So, generally, if a, jS, y be the measures of an angle in the 
three systems, 

supplement of the angle = 180* - a = 200* - i3 = «■ — y. 

Hence if the angle be negative and its measures be -o^ 
- ft —y in the three systems, 

supplement of the angle = 180'^-^,-aV^^^-^-?^^'^'"^'^^ 

= 180* -V a=^OC? A- ei=^« -^^-l- 
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Examples.— XXI. 

1. Find the supplements of the following angles : 

(1) 34M2'.49''. (2) 132». 24'. 47''. 

(3) 146^0'. 41^ (4) 28<».16'.4^ 

(6) 179».69'.69". (6) 100».49'.6r. 

(7) 245«. (6) 437«.3'.4^ 
(9) -49^ (10) -355^ 

2. Find the supplements of the following angles ; 
(1) 132«.32\42'\ (2) 196«2\57*\ 
(3) 3«.9r.98'\ (4) 65«.12\S*\ 
(fi) 154».3\6'\ (6) 174«.0\4'\ 
(7) 276« (8) 527«.2M4'\ 
(9) -36«. ' (10) -323*^. 

3. What are the supplements of the following angles ? 



0) 



IT 
9 • 



47r 



(2) ^. (3) ^. (4) -^. (5) 



3^ 
4 • 



4. Find the difference between the supplement of the 
complement of an angle and the complement of its supple- 
ment ' 

101. To compare the Trigonometrical RaHoi qfan angle 
and ite iupplemeni. 




Let tbe angle EOJP^A. 
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Produce EO to W, and mako the angle P'O W=A, 

Take OP'^OPy and draw PM, P'M' at right angles 
to EW: 

Then the triangles PMO^ P'M'O are geometrically equal 
(EucL I. 26.) 

Therefore 

8in(180*-^) = 8in^OP'=^ = r^=8in^, 

cos(180«-.^)=bos^OP'=^ = ^^W " "^^^ 

tan(180*-^)=tan^OP'=^'=^=-ta2 A. 

And similarly the other ratios may be compared. 

102. To shew that sin (90® •^A)=cosA, and 

cos (90® +-4) = -sin A. 




W M' 



Let the angle EOP^A. 

Draw OP" at right angles to OP, and ^riake 0P':= OP. 

Draw PM and P'M' at right angles to EO W. 

Then since the angles P'OM' and POIA Toayaxs^^^^gss^ 
angle, and the angles 0P3f and POM m^^-a^ ^Ti\gDX»««&R^> 

AuglG P'OM' =me\o OPM. 
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,* s 



*i 0^ right angle P'MV^nght angle PMO, 

antl side P'0=Bide PO, opposite equal angles in each ; 

.*. the triangles P'OM^ 0PM are equal in all respects, and 

P'M'^OM, and OM'=PM, 

Then sin(90o+^)=sm^OP'=^^'=^=co8^, 

co8(90*+-4)=co8-^OP'=^p7 = —Qp-- -smyl. 



and 



103. To shew that tin (180" + -4) = - sin Ay and 

(50# (180'' + -4) = - ccw A 




Let the angle EOP=A. 

Produce EO to FT and PO to P', making OP'^OP. 

Draw PM, P'M' at right angles to J^FF. 

Then the angle EOP' measured in the positive direction 

=:180<' + -4. 

The triangles POM^ P'OM' are geometrically equal 
f COB (180» + J) =^ COS EOP=^^^'^^^-'^'^^ 
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104. To 8/iew that sin{-'A)= —sinAj and 

co8{~'A)=eo8A^ 
Let tho angle EOP =A. 

Draw PM at right angles to EJF, and produce PM to 
/' making 3fP'=Jf P. 




^oiii OP. 

Then the triangles POM, P'OM are geometrically equal, 
and the angle EOP', which is numerically equal to EOP, will, 
if regarded as measured in a negative direction, bo repre- 
sented by — ^. 

P'M "PM 
Now sin (--4)=sin EOP'^-Qpf- -gp~ = -sm A^ 



and 



/ AK r»/^TV OM OM J. 

cos (— ^)~cos EOP'^-qp ^qP =cob a. 



105. To theto that nn (360^-^)=: -sin A, and 

COS (360^ —A) =cosA. 
Making the same construction as in the preceding Article, 

angle EOP' measured in the positive direction =360*-^. 
Then flin(360«-^)=6in£OF=^i-=^^---^^^ 

and cos (360«-^) = cos EOF =^^p ^-QP ' 
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EXAHPLB& — XXIL 

1. Prove Uio following relations : 

(1) 8ec(180»-^)=-8ec^, (2) oosec f|+tfJ=8octfp 

(3) tan (ISO* +-4)= tan ^, (4) Bec(x+^=-«eo ^, 

(5) tan(-d)=-taD d, (6) cot(2x-^«-ootA 

2. State and prove the relationB subsisting between the 
cosecants of B^ and (90 + Bf, also of ^ and 7+ ^ 

3. State and prove the relations subsisting betvroen the 
secants of ^^^ and (90 + ^)^ also of d and ^-0. 

106. With reference to the Trigonometrical Ratioe of dif- 
ferent angles discussed in this chapter it is to be obflerved 
that for an angle in the 

First Quadrant all the Ratios are Positiye, 

Second all are Negative except the Sine and Coaeoant, 

Third Tangent and Cotangent^ 

Fourth Ooslne and Secant 

Also the following relations must be specially noticed : 

8in-^l = 8in(180»-^)=-sm(180^+^)=-8in(360»--4)=-Bin(-i4), 
cosyI= -cosU80®--4)= -co8(180»+-4)=cos(360"--4)=oog(-^), 
tin/1 = -tan(180»-^)=tan(180»+^)- -tan(3e0»--4)= -taii( -/I) 

Examples.— XXIIL 
Find the values of the following Ratios: 
(1) sin 120^ (2) cos 120*, (3) sin 18^, (4) OOB 13^, 

(6) sin 150", (6) cos 150*, 0") wxi^^V (,%\ «iiL 240P, 

(9) tan 300^, (10) cosec 30(y*, (,U^ aee^V^. ^\^«A.^JS*t. 
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On the Solution of Trigonometrical Equations. 

107. The Solution of a Trigonometrical Equation is the 
process of finding what angle an unknown letter representing 
an askgular magnitude must stand for in order that the equa- 
tion may be true. 

(I) Suppose wo have to find the value of 6 which will 
satisfy the equation 

cosd+sec^=-. 

Our first step is to put -^ in the place of sec 6, so that 

we may have only one function of the unknown angle in the 
equation: thus 

COSd + 3 = «. 

cos^ 2 

We then proceed to solve the equation just as we should 

solve an algebraical equation in which x occupied the place of 

oos^: thus 

2cos*d+2a5cos B, 

2oo8*d-5cosd--2, 
co8«^-|cosd=-l, 

cos 9=2 ot 
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Now the value 2 is iuaduiissible, for tlio cositio of cvorv 
angle is not greater than 1. 

The other valae ^ is the valne of the cosine of 60^ (Art 80.) 

Hence cos d = cos 60^. 

That is, (mt valae of B which satisfies the equation is 60^ 

We shall explain hereafter our reason for writing the word 
ofM in italics. 

(2) To solve the equation 3 nn d = 2 eo^ 6^ 

3sind=2(l-8in*^; 

.%3sind=2-2sm«d, 

or 2 8in'^+3sin^=2, 

3 

sin'd+^8ind=l, 

f 

4 4 

Sin ^=- or —2, 
J* 

The value > 2 is inadmissible^ for the sine of an augio vnvt- 
not be numerically greater than 1. 

The other value - is the value of the sine of 30^. (Art 78.) 

Hence sin ^=8in 30^ 

That is, on^ value of ^ wliich satisfies the eauation is 30^ 
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Examples.— XXIV. 
Find a yalne of 6 which will satisfy the following equations : 



(1 
(3; 
(5 
(7 
(9 
(10; 

.(11 
(12 
(13 
(15 

(16 
(18 
(19 



sind+cosd=0. (2) 8ind-co8d=0. 

sin^sstand. (4) cos^=oot^. 

2sind=taiid. (6) 3sin^=2cos'^. 

sind+cos'd.cosec^=2. (8) tan^=4-3cot^. 

4sec2^-7taii«d=3. 

4 

cos 6 . cosec^+sin ^ . sec B=—;z , 

v3 

3 8in'd~co82^ + (V3 + l)(l-2 8in^)=0. 

3co82^-sin«^+(V3 + l)(l-2cos^=0. 

8ecd.cosec^+2cot^=4. (14) 8in^ + cos^=^J. 

cot?d+4cos'd=6. 

tan^+cotd=2. (17) sintf-cosd=^2. 

sin ^ + cos 6'=2j2 sin $ cos B, 



^S.Bm6= j3-cosd. (20) tan«^+4sm«^=3. 



108. We have already stated (Art. 74) that if the valne of 
a Trigonometrical Ratio be given we cannot fix on one parti- 
cular angle to which it exclusively belongs. This statement 
was confirmed by many of the conclusions at which wo arrived 
in Chap. z. For instance, since 

sin(180*-^)=8m^, 

it follows that the sines of ttie ang\Q& A mA\^^ — AXsa?^^^^'* 

same value, that is, if we kaow t\i«A» bov A=\n A xoss^'^ 

eitber offyco values, one of wbich \a ^QP «ft9^ ^^ ^"^^^"^ ^^ 



76 OF TRIGONOMETRICAL EQUATIONS, 

Now wo know tliat 

gin (180*-^)= sin -4 and C08ec(180*--4)=co8ec-^, 

cob(360*--4)=co8-4 and 86c(360'--4)=scc-4, 
taii(180'+^)=tan-4 and cot(180'+-4)=cot^. 

Thus for each given value of any one of the Trigonometrical 
Ratios there are two angles and two only between 0^ and 360* 
for which that Ratio is the same in magnitude and sign. 

109. Suppose OE to be the primitive line, and OP the 
revolving line, and let the angle EOP^ less than 360*, be 
denoted by A, 




Now suppose OP to make a complete revolution, that iSy to 
start from the position indicated m the diagram and to revolve 
till it comes back to that position. 

Then the revolving Ime will have described an angle 
360»+A 

Our triangle of reference will then bo the same for an anglo 
360^+^ as for an angle A. 

Ilence, sin (360* + ^) = sin ^, 

^^ cos(360'+-4)=coa-A. 

-4/K/ tto aame bolda good for tbe otiiet Ba\\c». 
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Henoe, expressing ourselves for brevity in the symbols of 
the circular system, if a be the circular measure of an angle 
for which any one of the trigonometrical ratios has an assigned 
value, 

27r+a will represent an angle for which the value of that 
particular ratio is the same. 

■ 

Now lot the revolving line make a second complete revolu- 
tion, then it will have described an angle 

27r + 2jr + a, or, 47r + a. 

And so 47r+a will represent an angle for which the value 
of the above-mentioned ratio wiU be the same. 

And, generally, if the revolving line, after having traced 
out the angle a niakes n revolutions, 

2n7r-^a will represent an angle for which the value of any 
particular ratio is the same as it is for a. 

Now since n may have any integral value from 1 to ooj 
there will be an infinite number of angles for which the value 
of any one of the Trigonometrical ratios is the same as it is for 
the angle a. 

• 

Again, if a be the circular measure of an angle traced out 
by a line revolving in the positive direction, -(2ir— a) will be 
the measure of an angle traced out by the Ihie revolving in the 
negative direction, for which the triangle of reference will be 
the same as for the positive angle a. 

If the line then make n complete revolutions in the nega- 
tive direction, -2w7r-(2ir-a) will represent an angle for 
which the value of any particular ratio is the same as it is 
for a. 

We can now explain tiie ^03 m\i\iv3Q. ^«Mst^ «^^x«s»^ 
are fomd for all angles 'wldcYi \iw^ «^ \s^^«»^ Xjos^jsc^sk^'*^ 
ratio. 
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110. To find a general expression for aU angles which 
hxive a given sine. 

Let a bo an angle whose sine is given. 




First, reckoning in the positive direction, 

a and «•— a ' 

are angles with the same sine. (Art. 101.) 

Also 2n7r+a ) 
and 2wn-+(fl--a) ) 



(1) 



are angles with the same sine. (Art. 109.) 
Secondly, reckoning in the negative direction, 
-(2n— a) and -{2ir-(7r-a)}, 
that is, — (2ir— a) and — (n-+a), 

are angles with the same sine. 

Also -2nn— (27r-a) ^ ^2^ ' 

and -2n7r-(7r+a) } ^' 

are angles with the same sine, n being any positive int^er 
Now the angles in (1) and (2) may be arranged thus : 
2nn-+a, (2n + l)n— a, -(2» + 2)w+a, -(2w + l)7r-a, 
all of which, and no others, are included in the formula 

wre n is zero or any positive or negative Vole^et, "^\l\<^i V 
^^re the general expression for atL «ng\eB ^iVjiOo. \>»m^ v.^ 
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111. To find a general expretnon for all anglsi which 
have a given eoeine. 




Let a be an angle whose cosine is given. 
Firsts reckoning in the positive direction, 

a and 29r— a 

are angles with the same cosine. (Art. 105.) 



Also 2nir+a ) 

and 2wfr+(2fr-o) ) 



(1) 



(2) 



are angles with the same cosine. (Art 109.) 

Secondly^ reckoning in a negative direction, 

— (2fr-a) and —a 
are angles with the same cosine. 

Also -2»fr— (2«— o) ^ 
and — 2n7r-o J 

are angles with the same cosine^ n being any positive int^er. 
Now the angles in (1) and (2) may be arranged thus : 
2n7r+ii, (2n+2)7r-a, -(2n + 2)7r + a, -2W7r-ci, 

all of which, and no others, are included in the formula 

2n7r^<Ly 
which 18 therefore the general expteaaiOTi^QT \i3^. «si^«^"'?^^'^ 
have a given coaine. 



8o 
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112. To find a general expression for all angles which 
have a given tangent. 




Let a be an angle whose tangent is given. 
First) reckoning in the positive direction, 

a and ?r+a 

are angles with the same tangent (Art. 108.) 

Also 2nir+a 
and 2nir+(ir+a) 

are angles with the same tangent. (Art 109.) 



f 



Secondly, reckoning in the negative direction, 

-(27r— a) and — («r-o) 
are angles with the same tangent 



Also — 2nir— (27r-o) ) 
and — 2wfr— («r-a) ) 



(1) 



(2) 



are angles with the same tangent, n being any positive integer. 
Now the angles in (1) and (2) may be arranged thus : 
2n«r+a, (2n + l)fr + a, -(2«+2)fr+a, -(2« + l)ir+a, 
all of which, and no others, are included in the formula 

frAIeli 13 therefore the general exprea^oii lox «Kl «si"^^ ^\\\^ 
are a given tangent 
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113. We shall now explain how to express the Trigono- 
metrical Ratios of any angle in terms of tfaOrTatios of a positive 
angle less than a right angle. 

First, when the given angle ia positive. 

If the angle is greater than 360^, subtract from it 360® or 
any multiple of 360^, and the ratios for the resulting angle are 
the same as for the original angle. 

Thus we obtain an angle less than 360®, and if this ai^le be 
greater than 180®, we may subtract 180® from it, and the ratios 
for the resulting angle will be the same in nu^gnitude, but the 
signs of all but the tangent and cotangent will be changed. 
(Art. 106.) 

Thus we obtam an angle less than 180<^, and if this angle be 
greater than 90®, we may replace it by its supplement, and the 
ratios for the resulting angle will be the same in magnitude, 
but the signs of all but the sine and cosecant will be changed. 
(Art. 106.) 

Thus 
sin 675®=8in (360®+315®)=sm 315®= -sin 136®= -sm 45®, 

tan 960®=tan(720^4-240®)=tan240®«tan60®. 

Secondly, when the angle is negative. 

Add 360® or any multiple of 360® so as to obtain a positive 
angle, for which the ratios will be the same as for the original 
angle, and then proceed as before. 

If the given angle be less than 180®, apply the formulas 
obtained from Art 104. 

Ex. sin(~825®)=ain(1080®-826®)=sin266®=-sin 75®, 
tan(-135«)= -tan 135®= -tan 45®. 

Examples. — XXV 
Find the values of the following ratios : 
(1) sm480®. (2) coa480\ ^^ «ddl^^^^. 

(4) coa495\ (5) Mn870^ ^^^ e^^^n^;?- 

am • 
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(7) 8^946^ (8) sin 960®. (9) tan 1020». 

(10) ooBecl380^ (11) 8ecl395«. (12) cot UIO^ 

(13) 008 420^ (14) 8ec750<>. (15) taii945«. 

(16) on 12000. (17) sin 14860. (18) cos 1470o. 

(19) sin 7m (20) secSx. (21) cosec930o. 

(22) cot 11400. (23) tan 13060. (24) cosec 1740o. 

(25) 8in(-2400X (26) oot(-6750). (27) sec (-135^. 

(28) tan (-2250). (29) cosec (-690*0. (30) cos(-1200). 

Examples.— XXYI. 

Write down the general value of 6 which satisfies the fol- 
lowing equations : 

(1) sin^=l. (2) cos^=l. 

(3) sintf=-i. (4) tan^=^/3. 

(5) 3 sin ^=2 cos' ^. (6) 2sin^=tan^. 

(7) tan' ^+4 sm' 0=3. (8) oos^^^^an'^. 

(9) tan0=4-3cot0. (10) sec^0-| sec 0+1=0. 

114. The symbol sin*^ x denotes an angle whose sine is x^ 

QOsT^x cosine is «, 

and a similar notation is used for the other ratios. 

2 
Hence if we know that^ for instance, tan ^-^-t we may 

write the general Taloe of B thus : 



CHAPTER XII. 



On the Trigonomeirml Ratios of two Angles. 



115. TVe now proceed to explain the Trigonometrical 
Functions of the Sum and Difference of two angles. These 
functions are the most important in the subject, and the stn- 
dent will find that his subsequent progress will depend much 
on the way in which he has read tliis Chapter. 

116. We shall first establish the following formuke : 

sin {A-¥B)-fm A . cos u9+cos A . sin B, 

cos (^ +j8)=cos a • cos u9-sin .^ . sin ^, 

sin(^-^=:sin.^l . cmB-^co^A . w^B, 

cos(^-u9)=cos^ . cos ^+ sin ^ .smu9; 

by means of which we can express the sine and cosine of the 
sum or difference of two angles in terms of the sines and 
cosines of the angles themselves. 

The diagrams which we shall employ are only applicable 
to the cases in which A and B are both positive and less than 
90®, also, when we are considering the sum of the angles, A-^B 
is less than 90®, and when we are considering the difference of 
the angles, A is greater than B, The formulcB are however 
true for all values of A and B. Particubx cida!ei& xctss:^ \^ 
proved by special constnictioiiB of tVie ^^Si^gc«xcL%<i \svi^ ^^ *'^ 
beyond the scope of this treataso to enter Vxk\» ^eXiVS^ o^^^ 
und BjiniliU' points. 



Sa 
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117. 



and 



To shew that 

sin (A+ B)=tm A . eot B+cot A . «m B, 
60ff (A + B) = cot A . eof B — ttn A . ttn B. 




Let the angle BAG bo roprea^ted by A and CAD by 2?. 

Then the angle BAD will bo represented by ^ + ^. 

From P*, any point in AD, draw Pi2 at right angles to 
AB and PQ at right angles to AC. 

From Q draw Qif at right angles to AB, and QiVat right 
angles to PR, 

Then fui^eQPN=9(fi''PQN=NQA^QAM=A. 

Now wi(A + B)^mnPAB=^ 

RN^NP QM^NP QM NP 





AP 


~ AP 


-AP^ 


AP 




QM AQ 


NP PQ 








~AQ'AP 


^PQ'AP 








=anA,coB 


B-i-oosA.mn 


B. 




cos (A 


^B)=oosPAR= 


AR 
AP 








AJf-ME 


* AM'-NQ 


AM 


NQ 




~ AP 


- AP 


~ AP 


AP 



_AM AQ NQ PQ 

^AQ * AP^ PQ' AP 
=coB-4..O0BB-wttA,wiiB. 

' P iaiMkenin the line bounding Uie tAf^ "om^^t 
^ -BAn, 
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118. Toihmoilua 

tin (A— B)=*tn A . <jo« B— co# A . sin B, 
a7id cos{A—B)=coiA,eosB+8inA,«mB. 




Lot the angle BAG he represented by A and CAD by B, 

Then the angle BAD will be represented by ^ -^. 

From P*j any point ia AD, draw PJS at right angles to 
AB and PQ at right angles to AC, 

From Q draw QM at right angles to AB and QiVat right 
angles to BP produced. 

Then BSig\eQPN=9(f-PQN=CQN'^BAC=A. 

sin (^-^)=8inP^i2=^ 

RN-NP _ QM-NP _ QM NP 
"^ AP ^ AP ~AP AP 

QM AQNP PQ 
'AQ'AP PQ'AP 

^anA.ooBB—cosA.smB. 
AB 



Now 



cos (-4 - -B) = cos P-4 JB = 



AP 
AM^MB AM^NQAM 

AP "^ 



NQ 



AP^AP 



AP 

_ AM AQ NQ PQ 
~AQ 'AP'^Pq,' AP 

= OOA A . 00% B -V «3i A «5QSlB . 

' Pia taken in the Hne bouadmaOiift w^^^ ^osAsw cnjwa. 
that ia, BAD. 
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119. We shall now give some important examples of tho 
axyplication of the formulse which wo hare established. 

Ex. 1. To find t?ie value qfiinW* 
sin76«=sm(460+30*) 

=:S]n45^cos30^+cos46*.sin80^ 

=;^-#+;724 (^^78,79) 



2V2 2V2 
V3+1 



" 2V2 • 

Ex. 2. To find the value of cos 15^ 
cosl6<>=cos(45«-30^ 

=cos45®.cos30^+sin4{^.sin30 

-J- n/3 . J. 1 
"V2" 2 '*"V2'2 

^ V3 1 
2V2 2V2 

^ V3-fl 
" 2V2 ' 

a result identical with the value of sin 72^, in accordance with 

Art 99, for 

sfai 76«=oos (90<»-75«)=cos 16<>. 

Ex. 3. 7b 9hew thai tin (90^4- A) =: cot A. 

Assuming the conclusions of Art 117 to be true for all 
values of A and B, 

sin(90*+^)=sin90^.cos^+cos90^.sm^ 

sl.cos^+O.sin^ (Art 71} 

scosX 

And similarly other relations between txiigoiiomeXinRs^ ^xswy 
tioos eatabliabed in Chapter X. may \)e proved. 
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£x. 4. To find a value of 6 which satisfies the equation 

sin$-\-eos$=:0. 

Multiply both sides by -7^ . 

Then sin^.-T^ + cosfl. -Tg-Oj 

/. sin^.cos46*+cos^.siii45«=0, 
or, 8in(fl+46»)=0; 

/. (fl+46«)-i0; 



ExAMPLBa—XXYII. 

Proye the following relations : 

(1) 8in(-4+J5).sin(^-^=8inM-sin«A 

(2) 8in(o+P).8in(o-P)=cos*P-cos'a. 

(3) cos(-4+J?).cos(-4-^=co8M-8m*JB. 

(4) cos (a+^). cos (a-^) =:C08^^-sin< a. 

(5) 2 8in(ar+^).co8(«-^)=sin2«+8m2^. 

(6) 2cos(«+^).sm(a^-^)=:8in2a^-8in2^. 

^ ' cosA.oosB 

(8) tana-tanp« ^^(°"^)^ . 
^ '^ oosa.eos^ 
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Examples.— XXYIII. 

(1) Shew that an 16»= '^^■^\ 

(2) Shew that 008 76»=-^^^. 

(3) Shew that tan 76*= 2+^/3. 

(4) Shew that cot 75*- 2 -1^3. 

1 2 

(5) If 8ma=- and tanfi^- find the value of sin (a+/3). 

3 2 

(6) If co8a=- andco8)3=- find the yalueof Bin(a~/3}. 

(7) If 8ma>a*5 and oos/9«— ^^ find the value of cos (a +/9) 

(8) If cos as *0i and sin/3=~ find the value of cos (a-/3). 

2b 



Examples.— XXIX 

Apply the fonnnlse established m this chapter to shew tiio 
following relations between the Trigonometrical Functions uf 
angles. 

(1) cos (90*+ -4)= -sin -4. (2) sin(180*+-4)-i-smJ. 
(3) cos(fr+^=-cosA (4) sin^^+^) = -008A 

(5) oosec/l+aWseco. (6) tan(ir+a)=tana. 
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EXAHPLBS. — ^XXX 

Find a valuo of ^ to satisfy tho following oquations, by a 
process similar to that givou in Art 119, Ex. 4. 

(1) sin^-cos^=0. (2) sin^+C08^=l. 

(3) Bin^-C08^=^|. (4) 8in^+co8^=^^^. 

(6) sin^+co8^*V2. (6) sin ^- cos ^=^^^1=^. 



120. Collecting tho formulsa of Arts. 117, 118, we next 
arrange them Uius : 

sin (^ + i?)=sin^ . cos J?+co8^ .sin J?, 
sin(^-^=:sin^.cos^-co8^.8inJ?, 
cos (u!l-^=cos^. 008^4- sin ^.sin^, 
cos (^ 4-^=008^ . cos J9-8in uil . sin ^. 

Uonce, by addition and subtraction, we obtain the followuig : 
sin (^ +i?)4-Bin (^- J3)=2 sin ^ . cos^, 
Mn (^ + J3)-sin (^ - J3)=2 008^ . Bin ^9 

cos (uil -u9) + 008(^ + i?)=2 COS^ . COS^y 

C08(^-^-C08(u!l 4-i?)s:2 sin^ . Bhi ^. 
Now let A^B^Py 

and ^-^a^ 

Then 2-4=P4-Q, wid ^B«P-^\ 
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So that the formulsd may be put in this form : 
sin P+sm Q=2 sin — 2"^ , cos — g-^, 

smP~smQ=2co8 — 5-^. sm ^ , 

008Q + 00SP = 2C0S — 2^, COS — 2^, 

oo8Q-cosP=2sin — g^. sin — ^. 

121. As these results are of veiy g^reat importance we 
shall repeat them separately, explaming each in words. 

(1) rinP+one=2sm:^^.cos^^^, 

that is, the mm qfthe iinei qfttoo angles is equal to twice the 
product qf the sine qf half the sum qf the angles into the 
cosine qfJuHf their difference, 

™- ' .^A • «ii « • 10^+6^ 10^-6^ 
Ex. sml0^+sm6^==2sm — 5 — .cos — - — 

=2sin8^.cos2^. 

(2) sinP-sin«=2co8^-^.sin^^^, 

that is, the difference qf the sines qf two angles is equal to 
twice the product qfthe cosine qf half the sum of the angles 
into the sine qfha^f their difference, 

_, . ^ . ^ - 8a+4a , 8a-4a 
Ex. sm8o-sm4a=2cos — 5 — . sm — - — 

=2c06 6a.sm2a. 

P-^O P-O 
(3) aw^+coaP=2oos^-^.coa^-^, 

^bat ia, iAe sum qf the connea <^ ttoo angles it eqw>l *o twv£ft 
^^ Ifrodtiet qf the cosine qf half tfce turn qf the omgletxtOo 
^coesfse qfhaff their difference. 
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Ex. O0i^ + 008 3^=200B— 5— .COB— 5— 

a200B2^.COBtf. 

(4) co.G-oo.F=2rfn^.sin^, 

that i% <^ diff0rence qfthe eotinei qfiwo anglet U equal to 
tune$ Ihe product qf the tine qfhaifthe eum qftke anffiee 
into the eine qfhaff their difference, 

■HI- « - « • 7o+3a . 7a-Sa 

Ex. 008Sa-C06 7as2Bm — 5 — .sin — 5 — 

B 2 sin 6a .sin 2a. 

122. As the formulfld at the end of Art 120 teach ns how 
to replace the sum or difference of two sines or cosines by the 
product of two sines or cosines, so the formulae at the beginniuj^; 
of Art 12O9 when read from right to left, thus : 

2sin ^ . cos^=sin (uil+J^+sm (^-^ 
2coi^ . sin ^»sin (^+J3)-sin {A^B)^ 

200B^ .C0S^=300B(^-^) + 00S(^+jS}i 

2 sin ^ . sb ^scos (^ - J3)-cos (uil 4- ^ 

famish rules for repladng the product of two sines or cosiiiOH 
by the sum or difference of sines or cosines. 

For example, 

sin6^.O088^->3{8hi(6^+8^+sin(6^-3^} 

a|(8in8^+sin2^, 

«ln^.shiM«5\co»(.'ie-e^-<»»^^^e^ 
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ExAMPLBS.-rXXXL 

ProTO the following relations : 

(1) 8m6^+siii4^=2 8in5^.cos^. 

(2) cdn5^~gind^=2coB4^.Bm^. 

(3) COB 70+CO6 9^=2 oos 80. cos 0. 

(4) cos 0-oos50=2 8m30.sin2^. 

(6) 8ina+sin4a=2smy.cos-^. 

\!S) cos5a-cos8o=28in-^.8m^. 

(7) 28in5^.oos70=sinl20-8in2^. 

(8) 2 sin 30 . sin 50= cos 20-cos 80. 

(9) 2 cos a. cos 4a « cos 5a + cos 3a. 

(10) 2cosa.sin2assin3a+sina. 

. . wn^4 + dn_^_. AVB 
^"^ cos^+cosJ3"^""2~' 

,-«. cos^-cos3^ . - , 
(12) . ^ . — ; — :2=taii2yl. 
^ ' sin 3^— sin ^ 

. . 8in2^+sin^ _ 3^ 
^ ' C082-4+C0S-4"" 2 

(14) cos(3O*-0)-cos(3O^+^=6mi^. 

(15) CO8f|+0j + COSy-0j=CO8tf 



116) fflnr|+aVsinr|-aj=si 



Bin a. 
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,,.. sin a— sin j3 , a— j8 

(18) tt; ^=tan— 5^. 

^ ' cosp+cosa 2 

,,^. 6m5^+sin3^ ./, 

, . cosa-f cosff _ cot ^ (tt+jS) 
^ ' COS j3— COS a ~ tani(a— /S) * 

123. We can also express the sum or difference of a siiio 
and a cosine as the product of sines or cosines. 

For since cos^=sin f |- ^j (Art 99), 
sin a+cos ^=sino+sin ( ^ -^ j 

Again 

sin 40^ + cos 60<^ = sin 40^ + sin 30^ 

-2sin36«.cos6^ 



EXAHPLRS. — ^XXXII. 
Express as the product of sines and cosines : 

(1) sina-cos^y (2) sinf|+aj+cos (~aj, 

(3) sina-icoso, (4) sina-cosa, 

(6) sm30*+cos8a', (6) sm20*-cos80*, 

(7) 8m-+co8 , (8) an^-ooB-. 

124. We now proceed \«OT^^a^ffl.V^^^^^ 
mxi and difference of two «d:|^«& c»sv>a^ cs:et«e»»^ 
ho tangents of the angles t\iexQa«^^ea. 
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tan (-4 + jB)= — \ . . p ir 
^ ' cos (-4 +-5) 



(-4+5) 

_ sin ^ . cos 5+co8^ . sin i? 
'cos^.cos^—sin^.sinJ?' 

and, dividing each term of the numerator and denominator b 
cos^.cos^, 

sin^.oos^ , cos^.sini? 

+ 



cos ^ . cos jg COS ^ . cos B 
coayl . cos B sin ^ . sin jg 

C0S^.C08j9*'c0S^.C08j9 

- tan ^ + tan jg 
"" 1— tan^.tan^ * 

, . ^ sinM— jB) 
tan (-4-^ = — V-j — 4^ 

_ sin ^ . cos jg— cos ^ . sin jg 
" cos^.cos^+sin^.sin jg 

sin^.cosjg cos ^ . sin jg 
_ cos^.cos5 cos^.cosJg 
^ cos^.cos^ sin^l.sinS 

COS^.COSjg COS^.OOSjg 

tan^-tanjg 
"l+tan^.tanj?* 

C!oB. We proved in Art 79 that tan 45^= 1, 

Hence 

X /^ro . ^\ tan46*+tan-4 

l+tan^ 



l-tan-4' 



i^^tA^ j\ tan46*-tanj[ 

^f^-^)-TTtSS4?jSS3 
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125. Hie resnItB of the preceding artide may be obtained 
without assuming the fornralso for the sine and cosine, thus : 

Taking the Diagram of Art 117, we have 
tan(^+5)=2g = 3y-2^ 

QM-^PN 

"^ AM^NQ 

QM PN 

AM^AM 



^^ AM 



Now %^ =tan-4, 



and observing that PN^y MQA are similar triangles, 

PN PQ . J, 

NQ NQ PN . . , „ 
ZM'^'PN'AM^^'^'^^'' 

, . / J, . nK tan^ + tani? 

Again, taking the diagram of Art 118, we have 

* /^ m -P^ N B-PN 
^^^"^^AB^ AM^MA 

_ QM^PN 
" AM^NQ 

QM PN 

AM 
'^^'^•¥^»tan^. 
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and obBerying that PNQ, MQA are similar triangles, 

NQ NQ PN .J . „, 

X / J n\ tah^— tani? 



Examples.— XXXIII. 

Prove the following relations : 

,,. tana+tan)8 . . ^ 

(I) — I r^=tana.tanp. 

' cota+cotp ^ 

,„v tana+taniS . i / . o\ 

,_. tana— taniS . ± / a\ 

(4) t^±!^+t^±± 1^±_^ 

^ ' 2 2 CO8 + CO8l/r 

(5) 8in^a8in^.cos(^— ^)+cos^.8in(<^-^). 

(6) cos^=:8in^.8in(<^+^)+cos^.co8(<^ + ^). 

(7) (co8a+co8j8){l— C08(a+i8)}=(8ina+sin)8).8in(a + /i), 

a+)8 

. , . ox COS— TT- 

/Q) gin(a+ff) 2^ 

'^ cos- ' 



. em(a+^) ^ 2 

^ ' sina-sin)3 . a^B' 

'^ sin — -^ 

r/^y «,* ^+ cot y^ = E5ip:rcoa-a 



RATIOS OF TWO ANGLES. 97 



(11) i^t±l-t^trl^-^^i—, 
^ 2 2 cosa + cosp 

,.„. cosa-cosjS . i8-a 

(13) cot)8-tMia=-52iM^. 
^ ' '^ oosa.smiS 

(W) cottf+tan<^=-52?^:;^) . 
^ ' ^ COS 9. Sin ^ 

* ' "^ cos'a.cos'p 

(16) l+taiia.taiii8=,^j5^. 
^ ' ' COS a. COS p 

(17) l-tana.tan^=-^^„. 
, ^ ' ^ cosa.cosp 

^ ' tana4-cot/8 '^ 

(20) cot(fl+46«)=^;. 

(21) sind+cosd=V2.sm(45«+^. 

(22) cosd-smd=V2.smr^-dy 

, ^ tana-taiij8 _ sin(a-ffl 
^^' £ana+tan^ 8in(a+i8)' 

(oA\ cot fl?-coty _ si n (y-a?) 
^ ' cot^v+coty sin(y+a?)* 

(26) co8(^-^)+sm(-4+J5)=2em^A-VASf^.^mV&-*»s?\. 
(26) coHf^-.^)-.sin(^4-B^=^wxvV^^^-A^.^^^^'^^" 
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(28) cos(^+-ff)-8in(^-^=2sin(46«--4).co6(45»-flX 

co8a-oo8i3 TTTiEe' 

2 i 

(30) Bec72«-8ec36»=8ec60*. 

(31) 8inl08»=(sin81*+sina«)(8in81»-8iii9^ 

(32) r;"rS =.tanl50. 
^ ' 8m3'+8m33' 

,,«. 8m33»+8m3« . .^ 

,,.« cog 27«-gm 27* . ,-, 
^''^^ co»27»+8mnr °*"^^- 

(36) tan 50*+ cot 60" =2 nee I (^ 



CHAPTER XIII 

On the Trigonometrical Ratios for multiple and sttbmtUtiple 

Armies. 

126. The angles 2 A, 3 A, 4^ are called Multiples 

AAA 
of Ay and the angles ^, -r-, -j are called Snbmnltiides 

We shall first shew how to express the Trigonometrical 
Ratios of 2A and ^ in terms of the ratios of ^. 

127. sin2^=sin(^+-4) 

=sin ^ .cos ^ +COS ^ . sin ^ 
=sin ^ .cos ^ +8m ^ . cos^ 
=2sin^.cos J[. 

C08 2^=:00S(^ + ^} 

=008 ^ • cos ^ — sin ^ . sin ^ 

=cos*-4-sin'A 

Now we may put 1 -sm*^ in the plaoo of oos'^ (Art 90), 
and we then have 

O08 2^=l-sm3^-smM 

= l-2fflnM. 

Or we may put 1 -cos'^ in the place of sin^^ (Art. 90), 
and wo then have 

=008*^-1 +coa*A 



TOO MULTIPLE AND SUB MULTIPLE ANGLES, 

tan2^=tan(^+-4) 



1-tanM" 



128. If we put ^ in the place of 2A, and -r- in the place 

St 



of A^ we have 



sin -4 =2 sin-— .cos-^, 



cos -4 =cos* ——sin' — 



= l-2sin2^ 



=2cos"— -1, 



2tan-5- 
tan^ = 



l-tan'f 



Hence we can shew that-r- ; = tan*—, a formula of 

1 + cos^ 2' 

great importance. 

. l-(l-2sina4') 2sm«4 a 

„ l-cos^ \ 2/ 2 , ,-4 

^^"^ rr^so = 77— ;t-7\ =7-p = *^^^ 

l + (2cos'— — Ij 2C08^^ 



EXAMPLBS.— XXXIY. 



k A79Fe ^e following reladons; 

(1) 8in2^ = j:j^5^3i. 
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(2) rr 



sin 2^ cos^ . A 

stan — . 



cos 2^ 14-cos^ 2 



(3) cosec^+cot-4=cot— . 



2 

^ ' Bin 2^ 

/r\ • c,A Stand 

(6) 2cosec2^=sec^.GK>soc^. 

/«x 9/1 2 sec 2d 

. l->2fflnM _ l-tan.d 

^^^ l+sm2-4 ""l+tan^* 

ao) cotd-2cot2d=tanA 



.,,. 1 — COSa . a 
(11) ; = tailj:' 

^ ' sina 2 



/,«x • o^ 2 V(cosec2 </>-!) 
(12) »"^2<^= cosec^» ' 

, 2— 8ec?<i 

(18) C082^ = -^^^. 

/,r> • //'sec2a-l\ 

(16) ^a=^[-^-^^. 



(16) cos a 






lOl MULTIPLE AND SUBMULTJPLB ANGLES. 

(17) taiia=socMec8a-ooiSa. 

(18) oot/9==:aMec^-*-ooi^ 

(19) Un(45'+^)=^^|^. 

(20) cot(4(^-.^)=:8ec2il-*-tan8^. 

(22) , =o(«^5-l)- 

^ ' 1-C06a 2\ 2 / 

(23) tan^=tan^+|ta]i^.Be6>|. 

(26) «in2^ = ^^^„,;^,^; . 

tanfj+dV-taii(j-^) 
(26) g8n2^= r / T^— r- 

129. We shall next shew how to express the Batiai of SJ 
n terms of the Ratios of A. 

i2ndJ=sm(2J+^) 

= sin 2^ . 008 ^ + cos 2^ . sin j| 
B(28in^.cos^).oos^+(l-2shi*^).8iii^ 
B28in^ .008*^1 +8in^ -2 sm'il 
s2flin J .(l-Bm^ A)-v«KiiA-^^> A 
=2»in-4 -2»m* A-v»ii A-a1fflDE^ A 

= S «iii -4 — 4 ■8*'^ '^' 
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13U. C083^«cos(22l+2l) 

= COS 2^1 . COB ^ — sin 2^1 . sin ^ 
=(2co8^^— l).cos^-(2sin^.oos^).sin^ 
s2oo6^ ^-cos^-28in* J[ . cos^ 

ss 2 006^ ^ — cos ^ - 2 006 ^ (1 — cos' ^) 

-"2 cos'^ -COS ^ -~2coSil +2 coaP^ 
=:4coflF^-3cos^. 

sin 3^ 



131. Tan ^A = 



0083^ 



38in^-4sin'^ ^ , ,. .,, ., , . 

° 4cos^^-3cos^ >"^^^^g^^^- 



3sin^ . . . . 
— -5-r— 4tan*-4 



3 



cos'^ 
3tan^.sec^^— 4tan*^ 

_ 3tanJ[(l-ftaii«J[)-4tanM 
4-3(1 +tan"^) 

_ 3tan^— tan^^ 
"■ l-8tan>^ ' 



EZAHPLBS.— XXXY. 

In some of these Examples the stndent may employ with 
advantage the formnlse given in Art 121. 

cos3^Z«i|^=1.28hi^e. 

2taiid4-aec6 



(2) Ain2^4008tf= 



I+twa^e 
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A A 

(3) an^^tan — +2sm*-^cot^. 



2 

/.x cot^ tan^ 

^^ cot-4-cot3-4'*"tan-4-tana^" • 

W cos4ii+coB45=2{l-2sin«(-4+i5)}{l-2mn«(-4-Ji)J. 

(6) tan(45H^-tan(46«-^-2.5??^^?^. 

(7) cot^fl.tan«fl-8j^. 

(8) 2 Bin ^. COS 2^= sin 3^ -sin A 

,^. co8n-4-cos(n+2)-4 . , . ,x ^ 

(10) cos9.i +3cos7wi +3co8 6^+co8 3^ =8 cos'^ . cos 6.4. 

(11) s^s rs-j=tMi -4. 

^ ^ oo8ec22l+oot2^ 

„„, 1-sin^ 1 A . ^V 

(13) 8cos2^-3 COs3^-2cos^ ^^ 
^ ' 2cos2^+3 sin3^ + 2sm^ 

(14) tan(45»-^)+tan(46«+-4)=2sec2-4. 

(15) co8a-tan5SUia=oos2a+tan-.sin2a. 

(16) cot'^-tan'^=4cot2J.coseo2^. 

(17) «M«?a.c»ta-seca.taiia=coa©c?2<<co&'a-8in'a). 

8iir2a 
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(19) oosec^ (-8ec'&= 4 cos 2&. 00860*26. 
/«n\ x^/^ro.-^N 2cosec2^-860-4 

(21) 8to(|r+<,^_ain(|-<>)=8m(|-e)-rin(|+6). 

(22) oot(|+tfVtan(|+tf^=2cot2A 

(23) (£2?^£±«^=l+8m2«. 
^ ' ooseo"a+Bec^a 

/«/,\ X / . n\ sin* a- sin' 

(26) taii(a+^)=gj^^-^^^^^355j^-^5^. 

(27) 4sin^.sin(60«+^).sin(60»-^)^8m3^. 

(28) cosec20+cot40+coseo40=cot A 

2. Solve the equatioiis : 



,w 



(1) sin 2^+^3.008 2^=1. (2) 8in«2tf-sin«fl=sin«j. 
(3) sin5«.oos3a;s8in9«.cos7^. (4) 2 sin* 30+ sin' 60 =2. 

(6) cos2^ + au^-4=:-. (6) cos 30 -cos 60= sin ^. 

(7) 8in50-co8 30=»sin0. (8) tan2as3ta]ia. 

(9) sin 20 + sin0=cos20+cos 0.(10) sin 7a -on a = sin 8a. 

(II) co8ec»tf-sec»0=2oo8e(?O'V^. 
(12) 8io«^»sm40~8in2O. 
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132. TojlndihsTrig(mom^r%ealBfaJdo9f(yra^ 
Let -4=18». 

Then 2^=36^ 

and 32l=54«. 

Now the sine of an angle is eqnal to the cosine of the com- 
plement of the angle ; 

.'. sin 36®= cos 64*; 

m 

•*. 8in2^»cos3^; 

.*. 2 8UI.^.C08.^=4C0IE^^~3C0B^. 

Divide by cos ^. 

Then 2sin^=4cos'il-3, 

2sm^=4(l-sin"-4)-3, 

2 sin ^ = 4-4 sin* ^ —3, 

48m'il+28in^ = l, 

« 

sin"^ +r.sinil«i7 , 

Z 4 

• •^,1« ^.1 5 

smM+-sm^ + - = j^, 

sm^ + -==i=^ , 
and taking the upper sign, since sin 18^ must be positive, 

4 

Hence we can find cos 18^ tan 18* and the other ratios. 

EXAMPLBS.— XXXYI. 

1. Giyen sin 18*= ^ 7 , find the yalue of the following Ratios. 

4 

(1) jsiaSe^. (2) cos 36*. (3) sin64*. (4) cos 64*. 
^^J aittTS^. (6) tan72f. 0) ^^^^ ^ «»W. 

• ^ ^raometrioal proof ia glveiaiia^tt A3pfi«iiSa^ 
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% Shew that 

am (36*+^)+8m (72<>-^)-8in (36*---4)-Bin (72»+-4)=sm>4, 
and that 

133. We now proceed to tiie formulaB relating to sub- 
multiples of angles^ and first we shall prove tiiat 

. A 
nn 



Since 



cos-4 = l-2sin*~ (Art 128); 



2sin'— =l-cos-4; 



. ^A 1— cos-4 
/.sin*- = —2—; 



/. sm ~ = «b V — 



oos^ 



2^2* 

If the value of A be given, we know whether sin -^ in 
positive or negative, and hence we know which sign is to be 
taken. Thus, if ^ be between 0* and 360^, -^ lies between 

A A 

360* and 720^ ^ lies between 180^ and 360^, and /. sm ^ 

is negative. 

134. We shall next shew that 



A //l+co$A\ 



-ffflnoe COB As2 CM? 4-\ V>3!WV^SS\\ 
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.\ 2 cos' — = 1 + cos ^ ; 



^A 1+cos^ 



A C08~=Ay - 



+ COS^ 



If the value of ^ be given, we know whether cos^ ib 
positive or negative, and thus we know which sign is to be 
taken. For instance^ if A lies between 0^ and 180^, cos — is 

A 

positive : but if ^ lies between 180^ and 360®, cos ^ is 
negative. 



135. To prove that 



2 COB 5"= «b Vl +*iw A ^iJl-sinA, 



. A 



and 28in-^=^^l + HnA'^Jl'-sinA 



A A 

Since cos'* ^^ + sin^ — = 1, 



and 2cos-^. sm^=sm2i ; 

.•. COS25-+2COS— .sin— +sin*2^ = l+sin-4, 

A AAA 

ad cos'n — ^coaTT' sin — + sin? —=1-^-4. 

^ence, taking the square root of eadi sv^^ Q^ ^"^ ^^^^ 
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A A . 

cos — + sin -5- = * iv/ 1 4- sin -^ , 

and cos— — 8in— =tiB^l-sm-4. 

Therefore, by addition, 

2cos — = *^l+8in-4tb^l-sin-4, 
It 

and, by subtraction, 

28in — = ±^/l + sin-4=p^/l— sin^. 

136. If the value of ^ be given, we know the figiM of 

A A 

sin -^ and cos -r- , as we explained in the preceding articles. 

A A 

We also know whether sin — is greater or less than cos ^ . 

Hence, if A be known, we can assign with certainty the signs 
which the root-symbols are to have in the intermediate equa- 
tions 

cos— + 8in— =«b^/l+8in^, (1) 

oos--sin — =*^l-sm-4, (2) 

and hence we can select the proper signs in the final equa- 
tions. 

For instance, suppose ^ to lie between 180* «nd 270*. 

Then ~ lies between 90^ and 135^ 

A A 

Therefore sin r- is positive and cos -r- is negative. 

it "^ 2t 

Also, for an angle between 90^ «s^d. ViJ^ ^^'^k ^scciss^ >»^ 
nmnericaUj greater than the cocane. 

JETence we must take the poAU^^«3B?i^'^^«!^**^^^^'^^ 
the n^gaMve rign in equatiou C^. 
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Examples.— XXXYII . 

(1) Affix to the root-symbols the proper signs when A 
is 15*. 

(2) Affix to the rooii^ymbols the proper signs ^dien A 
is300^ 

(3) If sin 378^= ^i^^, determine oos 189* and sin 189* 

(4) If rin 19*. 29' r.^ what is the value of sin 90. 44^30^! 

«> 

(6) If COS 316«= -jr , find the value of cos 157*. 30'. 

. 137. We mentioned in Art 114 what are called the 
Inverse Trigonometrical Functions, sin'^o?, eos~^a?, fta 
We shall now give an example to illustrate the method of 
combining these functions. 

To prove that tatr^ - + tanr^ - = 46*. 

Let «=tan-'iai,d^=tan-«i; 

then tana=- and tan)3= -. 

Now taii(a+ff)^ ,*^'+*^<' 

^ '^^ 1 -tan a. tan 



/s 



* 2*3 
5 

-1; 

ton-«5+tan-i^=^4J?. 



I.J 
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ExAHPLEa— XXXYIIL 

(1) If-4=sm-i|and-5=sin-i|,8hewthat-4+-5=9a». 

5 6 

(2) If^==tan-^^aiid^»tan-i|,8hewthat J+2i7=45> 

(3) Shew that «ar^ -^ + cof^ 3 = 46* 

(4) Shew that taii"i^+tan-ig+tan"^^+tan-^g=4M. 
(6) Shew that cot-^ ? + cot"^ I = 136^ 

(6) Shew that tan-^ l+cof^ |=cot-i J-f . 

(7) Shew that tan-i;»-tan-iy=tan-* ^^ . 

(8) Shew that sm-^ar+cos-^ «=90^ 

(9) Shew that Bin-^t+8m-i^+Bin-^i|=:^. 

(10) Shewthat4taw-*^-tan-*~lj = j. 



CHAPTER XIV. 
On Logarithms, 

138. Def. The Logarithh of a number to a given base 
18 the index of the power to which tho base most be raised to 
give the mimbor. 

Thus if m = a% 0? is called the logarithm of m to the base a. 

For instance, if the base of a system of Logarithms be 2, 
3 is the logarithm of the number 8, 
because 8=2^: 
and if the base be 5, then 

3 is the logarithm of the number 125, 
because 125 =5^. 

139. The logarithm of a number m to the base a Is 
written thus, log^fn; and so, if 9i»=a*, 

d;slog«in. 
Hence it follows that rn^^d*'^'^, 

140. Since l=a^, the logarithm of unity to any base 

is zero. 

Since a^^o^y the logarithm of the base of any system 
is unity. 

141. We now proceed to deBcri\>Q Vlba^ 'n\Ask y& called 
ibe Common Sjatem of logarithms. 

Tbe base of the system is 10, 
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"3 



By a Myitem of logarithms to the base 10, we mean a sue- 
ceadon of values oix which satisfy the equation 

for all positive values of m, integral or fractionaL 

Such a system is formed by the series of logarithms of the 
natural numbers from 1 to 100000, which constitute the 
logarithms registered in our ordinary tables, and which are 
therefore called tdbidar logarithmic 

142. Now 1 = 10*, 

10=10S 

100=102, 

1000 =10», 
and «o on« 

Hence the logarithm of 1 is 0, 

of 10 is 1, 

of 100 is 2, 

of 1000 is 3, 
and so on. 

Hence for all numbers between 1 and 10 the logarithm is 
a decimal less than 1, 

between 10 and 100 the logarithm is a decimal betwees 

1 and 2, 

between 100 and 1000 a decimal betwera 

2 and 3, and so on. 

143. The logarithms of the natural numbers from 1 to 12 
stand thus in the tables : 



No. 

1 
2 
3 
4 
6 
6 



Log 



O'OOOOOOO 
0*3010300 
0-4771213 
0-6020600 
0-6989700 



I 6 I 0-7781513 , .- . 

The /flgarfthms are calculatoaL to ws7eHi\^afi«^ ^'^ ^ckcss^ 




Log 



0-8450980 
0-9030900 
0-9542425 



V2i \ \*^1^\^V1. 
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144. The integral x>arts of the logarithms of numbers 
higher than 10 are called the eharaeterisUci of those loga- 
rithms, and the decimal parts of the logarithms are called the 
mantissof. 

Thus 1 is the characteristic, 

'0791812 the mantissa, 

of the logarithm of 12. 

145. The logarithms for 100 and the numbers that succeea 
it (and in some tables those that precede 100) hare no cha- 
racteristic prefixed, because it can be supplied by the reader, 
being 2 for all numbers between 100 and 1000, 3 for all be- 
tween 1000 and 10000, and so on. Thus in the Tables we 
shall find 



No. 


Log 


100 


0000000 


101 


0043214 


102 


0086002 


103 


0128372 


104 


0170333 


105 


0211893 



which we read thus: 

the logarithm of 100 is 2, 

of 101 is 20043214, 

of 102 is 2*0086002; and so on. 

146. Logarithms are of great use in making arithmetical 
computations more easy, for by means of a Table of Loga- 
rithms the operation 

of Multiplicaiion is changed into that of Addition, 

... Division Subtraction, 

... Inyolution Multiplication, 

... Evolution Division, 

as we aball shew in the next four AiUclea. 

J4Z. 27ie logarithm cf a product is equal to iKe «um oj 
<3^anw54/w# qf its factors. 

% 
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Let 




«»=a*, 


• 


5Uld 




n^cSf, 




Then 




mn^c^" I 






••. log. 


=log«m+logan. 





Hence it followB that 

loga wnp = log. m + log. n + log. p, 

and similarly it may be shewn that the Theorem holds good 
for any number of factors. 

Thus the operation of Multiplication is changed into that of 
Addition. 

Suppose, for instance, we want to find the product of 246 
and 357, we add the logarithms of the factors, and the sum is 
the logarithm of the product: thus 

log 246=2-3909351 
log 357=2-5526682 

their sum =4*9436033 
which is the logarithm of 87822, the product required. 

Note. We do not write logu 246, for so long as we are 
treating of logarithms to the particular base 10, we may omit 
the suffix. 

148. The logarithm qf a quotient is equal to the logarithm 
qfthe di^dend diminished by the logarithm qfthe divisor. 

Lot m=a', 

and 71 =a^. 

Then - = a«-* i 

, m 

ThuB tho operation o£ Dlmiou Sa OoaaosBe^'o^^ Sfes**^^'^ 
traddotL ^^ 
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If, for example, we are required to divide 371'49 by 62*376, 
we proceed thus, 

log 371-49 =2-5699471 
log 62-376 = 17191323 

their difference = '8508148 
which is the logarithm of 7*092752, the quotient required. 

149. The logarithm of any power qf a number is eqttal 
to the product qf tlie logarithm qf the number and the index 
denoting the power. 

Let m^a*. 

Then m*'=a'*; 

.'. logaW*'=r;» 

=r.loga«». 

Thus the operation of Involution is changed into Multi- 
plication. 

Suppose, for instance, we have to find the fourth power of 
13, we may proceed thus, 

log 13 = 1-1139434 

4 



4-4667736 
which is the logarithm of 28661, the number required. 

160. The logarithm of any root qf a number ii equal to 
the quotient arising from the division qf the logarithm qf 
the number by the number denoting the root. 



Let 


»»=a*. 


Then 


1 • 

m^=ar; 




i X 

.-. log.m''=~ 




= - .lOgaWl. 

r 



^ns the operation of Evolution U cYMtftfige^VxiVi^^''^^^ 
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I^ for oxample, we have to find the fifth root of 16807} wo 
proceed thus, - 

5 I 4-2254902, the log of 16807 



'8450980 
which is the logarithm of 7, the root required. 

151. The common system of Logarithms has this advan- 
tage oyer all others for numerical calculations, that its base is 
the same as the radix of the common scale of notation. 

Hence it is that the same mantissa serves for all numbers 
which have the same significant digits and differ only in the 
position of the place of units relatively to those digits. 

For, since log 60=log 10 +log 6 = 1 +l()g 6, 
log 600=logl00 +log6=2+log6, 
log 6000= log 1000+ log 6 = 3 + log 6, 

it is clear that if we know the logarithm of any number, as ^ 
we also know the logarithms of the numbers resulting from 
multiplying tliat number by the powers of 10. 

So again, if we know that 

log 1*7692 is -247783, 

wo also know that 

log 17-692 is 1-247783, 
log 176-92 is 2-247783, 
log 1769*2 is 3-247783, 
log 17692 is 4-247783, 
log 176920 is 5-247783. 

152. We must now treat of the logarithms of numbers 
less than unity. 

Since 1 = 10", 
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the logarithm of a number 

between 1 and *1 lies between and —1, 

between 'land "01 —land -2, 

between '01 and "001 -2 and -3. 

and so on. 

Hence the logarithms of all numbers less than unity are 
Negatiya 

We do not require a separate table for these logarithms, 
for we can deduce them from the logarithms of numbers 
greater than unity by the following process : 

log -6 =logjQ =log6-loglO =log6-l, 
log '06 =1o&Tqq =log6-lQgl00 =log6-2, 
log •006=logy^=log 6-log 1000=log 6-3. 

Now the logarithm of 6 is '7781513. 

Hence 
log '6 = - 1 + '7781613, which is written 1*7781613, 
log -06 = -2+7781613, which is written 2^7781613, 
log -006= -3+ '7781613, which is written'3'7781613, 

the characteristics only being negative and the mantissa) 
positlTe. 

163. Thus the same mantissse serve for the Logarithms of 
all numbers, vohether greater or less than unity ^ which have 
the same significant digits and differ only in the position of 
ihe place of units relatively to those digits. 

It is besttoregard the Table as a TeguitoTolVyi<b\QiSKnS(i(^ 
^ben which have one signi&caxit dsgil YmSot^ >iX!A ^^cosa^ 
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No. Log 



For instance, when we read in the tables 144 { 1583625, to 
interpret the entry thus, 

log 1*44 is '158362& 

We then obtain the following roles for the characteristic 
to be attached in each case. 

I. If the decimal point be shifted one, two, three ... n 
places to the right, prefix as a characteristic 1, 2, 3 ... n. 

II. If the decimal point be shifted one, two, three... 9i 
places to the left, prefix as a characteristic 1, 2, 3 ... n. 

Thus log 1*44 is 1583625, 

.-. log 14-4 is 11583625, 

log 144 is 21583625, 

log 1440 is 3*1583625, 

and log -144 is 1*1583625, 

log -0144 is 2*1583625, 
log 00144 is 3*1583625. 

154. In calculations with negative characteristics we follow 
the rules of algebra. Thus, 

(1) If we have to add the logarithms 3*64628 and 2*42367, 
we first add the mantissse, and the result is 1*06995, and then 

add the characteristics, and this result is 1. 
The final result is 1 + 106995, that is, '06995. 

(2) To subtract 5*6249372 from'3'2456973, we may arrange 

the numbers thus, 

-3 +-2466973 

-5 + -6249372 
1 + -6207601 

the 1 carried on from the last subtracAioTLm ^i»&n!^^$ci»KKSi^ 
chansfng -5 into -4, and tTieu -4 ««\>\.tw:Ju^^ws!l -^^B«!^!SNs 
1 08 a result 

Hence the resulting logaritlim ift V^'Wfl^^^* 
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(8} To multiply 37482569 by 5. 

3*7482669 
5 



127412846 



the 3 carried on from the last multiplication of the decimal 
places being added to -15, and thus giving -12 as a result. 

(4) To divide 14-2456736 by 4. 

Increase the negative characteristic so that it may bo 
exactly divisible by 4, making a proper compensation, thus, 

14-2456736 =16 + 2-2456736. 

_,, 14-2456736 16 + 2-2456736 7^.«^,.,q. 
Then ^ = : =4+ '5614184 5 

4 4 

and BO the result is 4-5614184. 



Examples.— XXXIX. 

(1) Add 3-1651553, 47505855, 6-6879746, 2*6150026. 

(2) Add 4^6843785, 5-6650657, 3-8905196, 3-4675284. 

(3) Add 2*5324716, 3*6650657, 5*8905196, '3156215. 

(4) From 2*483269 take 3*742891. 

(5) From 2*352678 take 6428619. 

(6) From 5349162 take 3*624329. 

(7) Multiply 2*4696721 by 3. 

(8) Multiply 7*429683 by 6. 

(9) Multiply 9*2843617 by 7. 

(10) Divide 6*3725409 by 3. 

(11) Divide 14*432962 by 6. 
(12) DiYide 4*63627188 by 9. 

Ji66. We abaJl now explain haw a Bjt^^m ol Vs^DnSMCDA 
^oiated to a base a maj be tranrformod mU> «MAb«t «5^\«v^^ 
^^ the base ia b. 
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Let m be a number of which the logarithm in the first 
system is x and in the second y. 

Then m=a'i 

and m^l^. 

Hence l^-a*^ 

•u 

/. ^=loga6; 



47 loga^' 
1 

Hence if we multiply the logarithm of any nmnber in the 

system of which the base is a by , ? we shall obtain the 

logarithm of the same number in the system of which the base 
is 6. 

This constant multiplier . — r is called Thb Modulus qfihe 

system qf which the baee is b with reference to the system of 
which the base is a, 

156. The common system of logarithms is used in all 
numerical calculations, but there is another system, which we 
must noticoi employed by the disooTcrer of logarithms, Baron 
Napier, and hence called The Napierian System. 

The base of this system, denoted by the symbol «, is the 
number which is the sum of the series 

of which sum the first eight dig^ta «cq a*l\^^\^. 

Id7. Owr common lo^xAikiSDA %ix^ I'sc^^ 
Htbma of the Na^erian Symibm ^>^ mxj\\K^i\iVo% ^^''^'^^ 
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latter by a common multiplier called The Modulus of the 
Gommon System. 

This modulus is, in accordance with the conclusion of 

' log. 10 

That is, if / and iV be the logarithms of the same number 
in the common and Napierian systems respectively, 

log, 10 
Now log^ 10 is 2*30258509 ; 

^ i8 o.onoL.nn or '43429448, 



' • log. 10 2-30268609 
and so the modulus of the common system is '43429448. 

168. To prove that log. h x log» a= 1. 
Let a;=log«&. 
Then (=a^; 

/. - = logj a. 
Thus log«( X lQg»a =0; x 

= 1. 

169. The following are simple examples of the method of 
applying the principles explained in thiA Chapter. 

Ex. (1) Giyen log 2 :=: -3010300, log 3 = '4771213 

and log 7 == '8460980, find log 42. 

Since 42=2x3x7 

/o^42=log2+log3-V\(^*l 

« '3010300 + •4*n\^\^-V'%^R«5i^ 
s 1'6232493. 



ON LOGARITHMS. 123 



Ex. (2) Given log2=*3010300 and log 3 -'4771213, find 
the logarithms of 64, 81 and 96. 

log64=log2«=6log2 . 
log 2 ='3010300 
6 

.'. log 64= 1-8061800 

10g81-log3*=4log3 

lojc3=-4771213 
4 

.-. log 81 = 1*9084852 

log 96=log(32 X 3)=log 32+ log 3, 
and log32=log2«=6log2; 

'. log 96 = 6 log 2 + log 3 = 1-6061600 + -4771213 = 19822713. 

Ex. (3) Given log 5 =-6989700, find the logarithm of 
^(6-26). 



log (6-26)*^ = 



log 6-26=^ 1<« 155 = ^(lo» 626-log 100) 



=^(log6*-2)=i(4log6-2) 



(2-7958800-2)=-113697l. 



Examples. — XL. 

1. Given log 2 a -3010300, find log 128, log 125 and log 
2500. 

2. Given log 2 ='3010300 and log 7 ='8450980, find the 
logarithms of 50, *005 and 196. 

3. Given log 2 =-3010300, and lo^;a=-411VL\%^^ssSk.*^iB^ 
\og8aifhsD& of 6, 27, 54 and 5*16. 

* Given log 2 = -3010300, log^^^-^nnVKV^^s^^'*''^'^**^'^' 
SDd log 60, log -03, log r05, «ad \oft •O^^^^^ 
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6. Given log 2 = -301Q300, log 18 = 1'2,552726 and 
log 21 ==1*3222193, find log*00075 and log 31*5. 

6. Given log 5 ='6989700, find the logarithms of % '064^ 
and [^ . 

7. Given log 2=:*3010300, find the logarithms of 5, '125 

8. What are the logarithms of '01, 1 and 100 to the base 
10? What to the base '01 ? 

9. What is the characteristic of log 1693, (1) to base 10, 
(2) to base 12? 

4* 

10. Given -^=8, and x—Zy^ find x and y. 

11. Given log 4 ='6020600, log 1'04='0170333 : 

(a) Find the logarithms of 2, 26, 83'2, (•626y«>. 

(5) How many digits are there in the integral part of 
(1-04^? 

12. Given log26 = l'3979400, log 1'03=0128372: 

(a) Fmd the logarithms of 6, 4, 61'6, C064y<». 

(5) How many digits^re there in the int^ral part of 

(rosr? (f 

13. Having given log 3 = '4771213, log 7 = '8460980, 

10gll = r0413927: 

77 3 

find the logarithms of 7623, ~~ and -;t . 

oOO 039 

14. Solve the equations: 

(\) 4096*=^.. (4) a'^'^^c. 

64 

(3) a^.v^m. {$\ crtT" =*"*"• 



CHAPTER XV. 

On Trigonometrical and Logarithmic Tables. 

160. Wb shall give in this Chapter a short description of 
the Tables which have been constructed for the purpose of 
facilitating Trigonometrical calculations. 

The methods by which these Tables are formed do not fall 
within the range of this treatise : we have merely to explain 
bow they are applied to the solution of such simple examples 
as we shall hereafter give. 

We shall arrange our remarks in the following order : 

I. On Tables of Logarithms of Numbers. 

II. On Tables of Trigonometrical Ratios. 

III. On Tables of Logarithms of Trigonometrical Ratios. 

L On Table* qf Logarithms of Numbers, 

161. These Tables are arranged so as to give the mantissse 
of the logarithms of the natural numbers from 1 tolOOQOa^tJbA^ 
is of numbers containing from one \a ^n^ ^^\5^ 

We BbaU now sliow ho^ by aid oi \Xi«aRi ^'^^'^'*'^^*^T^ 
tiie logarithm of any given number, wid, ^^^^^'^^^^sgcv^ 
termine the number which correBVondft ^ ^ «ln«o. v ^ 
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162. When a number is given to find iU logarithm. 

When the given number has not more than five digits we 
can take its logarithm at once from the tables. 

When the given number has more than five digits we can 
determine its logarithm by a process, which will bo best ex- 
plained by an example. 

Sui^)Ose we require to find the logarithm of 6276153. 

We find' from the tables 

log 62761 is 4-7976899, 

and log 62762 is 4*797698& 

Hence log 6276200 is 6*7976988. 

and log 6276100 is 6*7976899. 

Thus for a difference of 100 in the numbers the difference 
of the logarithms is '0000089. 

We then reason thus : If we have to add '0000089 to the 
logarithm of 6276100 to obtain the logarithm of 6276200, what 
must we add to the logarithm of 6276100 to obtain the loga- 
rithm of 6276153 ? 

Assimiing that the increase of the logarithm is proportional 
to the increase of the number (which is nearly but not quite 
true), we shall have 

100 : 53 ='0000089 : that which we have to add ; 

A number to be added= ^^ ^ y^^^ = '0000047 17, 

and therefore, omitting the last two figures, 

log 6276163 = 6-7976899 + '0000047 
= 6-7976946. 

If the Srst of the figures omitted \)^ S ot ^ d^®^. >Da!^« 
^ao 6, it 18 usual to increase th© ftgore yxMaodSaX^^i ^xwi^m^ 
/^ tJiyl: tbua if tho number to be iiAded\»A>Qe«a'^^^^i^^^'' 
*» should have added -0000048. 
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163. We took in the last article an integral number, but 
the same process will apply to numbers containing decimals. 

For suppose we have to find the logarithm of 627*6153 : 
we can find log 6276153 as before^ and the only difference to 
be made in the final result is to change the characteristic 
from 6 to 2, that is, 

log 627-6153=2-7976946. 
So again, in accordance with Art 153, 

log •00006276153=5-7976946. 



(1) Given 



find 



(2) Given 



find 



(3) Given 



find 



(4) Given 



find 



(5) Given 



find 



(6) QtiYGa 



Oud 



Examples.— XLl. 

log 52502=4-7201758, 

log 52503=4-7201841, 

log 52502-5. 

log 30042 =-4777288, 

log 30043 =4777433, 

log 300-425. 

log 3202-5=3-5054891, 

log 3202-6 =3-5055027, 

log 32-025613. 

log 23660=4-3740147, 

log 23661=4-3740331, 

log 236*601. 

log 67502^4-8293166, 
log 67503=4-8293231, 
log 67-5021. 

log 73335- 4-%^&^\\^, 
log 73336 =4-ft^&^Vl*l> 
log OOia^^S^^- 
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(7) 


Given 


log 65931 =4-8190897, 
log 65932=4*8190962, 


'.» •" 


find 




log '000006593171. 


-> 


(8) 


Given 


log 34077 =1*5324614, 


■•A 






log 34078= 1-6324741, 


•>, 


find 




log 3407-78. 




(9) 


Given 


log 39097 =4:5921434, 
log 39098 =4-5921545, 




find 




log 390974. 


4 


(10) 


Given 


log 25819 =4*4119394, 
log 25820=4-4119562, 




find 




log 2-581926. 





164 When a logarithm, is given, to find the number to 
which it corresponds. 

If the decimal part of the logarithm is found exactly in 
the tables, we can take out the corresponding number. 

Thus if we have to find the number corresponding to the 
logarithm 2*8598645, we look in the tables for the mantissa 
'8598645, and we find it set down opposite the number 72421, 
hence 

2-8598645 is the logarithm of 724-21. 

Next, suppose that the decimal part of the logarithm is 
not found exactly in the tables, and that we have to find the 
number corresponding to the logarithm 3*9212074. 

We find from the tables 

log 8340*8=3-9212077, 

and log 8340*7 = 3*9^1^0^^ 

Bence a difference of •! in the iram\>«ta ^^c^ ^ ^aSsswswsi 
f'O0OOOS2 in the logarithmB. 
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Then we reason thus : If we must add *1 to 83407 for an 
excess of *0000052 above the logarithm of 8340*7, what must 
we add for an excess of (3*9212074-3*9212025) or '0000049 ? 

Assuming that the increase of the number is proportional 
to the increase of the logarithm, we have 

'0000052 : '0000049 = '1 : what is to be added to 8340*7; 

therefore we must add 

•0000049 x*l 49x'l 

*0000052 >""> -52-^'*^^^' 

therefore number required is 8340*794. 

If the given logarithm be negative, as - (2*1401355), we 
can change it into another of which the characteristic only is 

negative, thus 3*8598645, and we can find the number cor- 
responding to this logarithm, as before/ The number required 
is -008340794. 

E2LiMPLES. — ^XLII. 

(1) Given log 12954=4*1124039, 

log 12955=4*1124374, 
find the number whose logarithm is 4*112431. 

(2) Given log 462*46 =2*6660648, 

log 462*46=2*6660742, 
find the number whose logarithm is 3*6660667. 

(3) Given log 34572=4*5387246, 

log 34573-4*5387371, 
find the number whose logarithm is 2*5387369. 

(4) Given log 39375 =4*5^5^^^^^, 

log 39376 «4*5^5a^\^, 
Gnd the number whose logaritlim la ^-b^^^^I"!^*^* 
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(6) Giren log 3*7159 =-6700640, 

log 37160 =-6700767, 
find the number whose logarithm is 3*6700708. 

(6) Given log 96461=4*9843618, 

log 96462=4*9843663, 

find the number whose logarithm is 3*9843642. 

(7) Given log 26726=4*4103654, 

log 25726=4*4103723, 

find the number whose logarithm is 7*4103720. 

(8) Given log 60195=4*7796632, 

log 60196 »4*7795604, 
^d the number whose logarithm is 2-7796561. 

(9) Given log 10905=4*0376257, 

log 10906=4*0376655, 
find the number whose logarithm is 3*0376371. 

(10) Given log 26201 =4*4183179, 

log 26202=4-4183344, i 

find the number whose logarithm is 2*4183314. ^ 

XL On TiMn qf the TrigonomOrioal Batiot. 

166. We have explained in earlier parts of this treatise 
how to find the values of certain Trigonometrical Ratios exactly 
w iq[iproximatel7. 

Thus we showed that sin 30P=^ , that v^ *6 exactly. 
^AffUB, tan 60'»iy3, that is, 1*1^05 wg^et^iism^^ 

^ow tbe Talaee of all the TngwiiMa^af^c^ ^ 

»^ saoceaskm of widea in tJie fknfc qp»itoaKA.\«wk\s««ii 
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calculated and registered in tables. In some tables the angles 
succeed each other at intervals of V\ in others at intervals of 
10^', but in ordinary tables at intervals of 1', and to the last- 
mentioned we shall refer. 

These tables are commonly called Tables of Natural Sines^ 
(Cosines, && so as to distinguish them from the Tables of the 
Logarithms of the Sines, Cosines, &c. of which we shall here^ 
after treat. 

We intend to explain, first» how we can determine the 
value of a Ratio that lies between the Ratios of two con- 
secutive angles given in the tables, and secondly, how to 
determine the angle to which a given Ratio corresponds. 



166. To find the tine cfa given angle. 

Suppose we want to determine the sine of 25*. 14% 20* 
having given 

sin 25M4'= '4263056 and sin 25*. 15'= '4265687. 

From sin 25*. 15'= '4265687 
Take sin 25M4'= '4263056 

'0002631 is the difference for 1'. 

Now if we have to add '0002631 to the sine of 25*. 14' to 
obtain the sine of 25^. 15', what must we add to the sine of 
25*. 14' to obtain the sme of 25*. 14'. 20"? 

Assuming that an increase in the angle is proportional to 
an increase in the sine, we have 

1' : 20"= '0002631 : that which wo have to add ; 
therefore we must add 

/. sine 25^. 14' .20" =-4a«^^WArWiWSV\ 
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167. To find ih% cosine qfa given angle. 

If we have to detennine the cosine of 74*. 45^ 4X/', having 
given 

cos 74*. 46' = -4263066 and cos 74*. 45' = '4266687, 

«ro proceed thus: 

cos 74*. 45' =-4266687 
cos 74*. 46' =-4263066 

'0002631 is the decrease corresponding to l', 

observing that the cosine decreases as the angle increases from 
0* to 90* 

Hence 

1' : 40"= -0002631 : what we have to take from '4265687; 
therefore we must take away 

.-. COS 74*. 46'. 40" = -4266687 --0001754 

= -4263933. 

Similar methods are to be taken to find the values of the 
other ratios, observing that the tangents and secants increase 
and the cotangents and cosecants decrease as the angle in- 
creases from 0* to 90*. 

Examples. — XLIII. 

(1) Given sin 42*. 16' =6723668, 

sin 42*. 16' =-6726821, 

find sin 42*. 15'. 16". 

(2J Given sinTS'.U's'SS^^on, 

sin72*.15'=-95^^^Ba, 
'"^ 8in72M4'.^". 
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(3) Qivcu sin 54'. 35' = '8149593, 

Bin 54®. 36'= -8161278, 
find 8in54^35^45''. 

(4) Given sin 87*. 26'= -9989968, 

sin 87*. 27'- -9990098, 

find sin 87*. 26'. 16*. 

(6) Given sin 43M4' = -6849711, 

sin 43M5'= -6851830, 
find siu43M4'.20". 



(6) Given 



find 



(7) Given 



find 



(8) Given 



find 



(9) Given 



find 



cos 4lM3' = -7522233, 

cos 4lM4'= -7620316, 

cos4lM3'.26". 

tan 1*. 22' =0238573, 

tan 1*. 23' = -0241484, 

tan 1«.22'.30". 

cot 36*. 6' = 1-4228661, 

cot 36*. 7'= 1-4219766, 

cot 35*. 6'. 23". 

sin67*.22'=-9229866, 

sin 67*. 23'= -9230984, 

sin67*.22'.48"-5. 



(10) Given co8 34?.l^«-%^n^^^» 

COB 34* • \^ «-«I^^Vl^% 
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168. To find the angle which corresponds to a given tine* 

Suppose the given sine to be '5082784. 

We find from the Tables 

sine 30«. 33' « -5082901 
sine 30^32^= '5080396 

*0002505 difference for l^ 
given sine ='5082784 
sme 30*. 32" =-5080396 
-0002388 
Hence if a? be the number of seconds to be added to 30*. 32', 
'0002505 : '0002388=60 : a; 
2388 X 60 9552 



.-. «= 



= 3^^=57-2 nearly; 



2505 
.'. the required angle is 30*. 32'. 57"'2. 

169. To find the angle which corresponds to a given 
cosine. 

Suppose the given cosine to be '5082784. 

We find from the Tables 

cos59*.27'=-5082901 
cos 59^28" ='5080396 

'0002505 difference for 1'. 

cos 59*. 27'= -5082901 ^ 
given cosine = '5082784 

•0000117 

Hence if # be the number of seconds to be added to 59*. 27', 
10002505 : '0000117=60 : a\ 

.*. required angle to 5tt».«l' .^"^ 
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Examples.-— XLIV. 

(1) Given sin 48^4r = 7522233, 

Bin 48f. 46'= -7620316, 
find the angle of which the sine is '752140. 

(2) Given cos 20. 34'= '9989968, 

cos 2<^. 33'= -9990098, 
find the angle of which the cosine is '999000. 

(3) Given sin 43M4'= -6849711, 

sin 43M6'= -6851830, 
find the angle of which the sine is '685. 

(4) Given cos 32<^. 31'= -8432351, 

cos 32^.32' =-8430787, 
find the angle of which the cosme is *8432. 

(6) Given sin 24Mr = -4096577, 

sin 24M2'= '4099230, 
find the angle of which the sme is '4097559. 

(6) Given sec82«.22'=7'528249, 

sec 82®. 23'= 7-552169, 
find the angle of which the secant is 7*53. 

(7) Given cos 53^ 7' ='6001876, ^ 

cos 53*. 8' =-5999549, 
find the angle of which the cosine is '6. 

{S) Oiyen coflec2l?.a'=^"i^Vl^, 
Sad the angle of which the coaecaat Ve^ ^%^\- 
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(9) Given sin 73^44'= -9699684^ 

sin 73^ 45'--9600499, 
find the angle of which the sine is *96. 

(10) Given tan 77M 9' =4-44338, 

tan 77^20' =4-44942, 

find the angle of which the tangent is 4.4. 

III. On Tables of Logarithms qf Trigonometrical Ratios. 

170. The Trigonometrical Ratios being numbers have 
logarithms that correspond to them, and these logarithms are 
in practice much more useful than the numbers themselves. 

Now since the sines and cosines of all angles and the tan- 
gents of angles less than 45^ are less than unity, the logarithms 
of these sines, cosines and tangents are negative. In order to 
avoid the inconvenience of printing negative characteristics, 
the logarithms of all the Ratios given in the tables are in- 
creased by 10. The numbers thus registered are called The 
Tabular Logarithms of the sine, cosine, &c., and they are 
denoted by the symbol L, that is, Z sin ^ denotes the tabular 
logarithm of the sine of A. 

When the value of any one of these Tabular Logarithms is 
given we must take away 10 from it to obtain the true value 
of the logarithm in question : thus 

L sin 25* is set down in the tables as 9*6259483, 

and the true value of the logarithm of the sine of 25® is there- 
fore 

9-6259483-10, that is, - -3740517, 

or we might adopt the usual logarithmic notation of Art 152, 
and say ' 

log . sin 25» =1-6^594^^ 

The Tables to which we refer oie csiVcviX^Xft^ ^^^ ^«B!gtf» 
^ Orat quadrant at intervala oi V. 
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171. To find the logarithmic sine qfan angle not exacUy 
given in the tables. 

Suppose we have to find Z sin 6® . 32' . Z7'\ 
Z8in6«.33'=9067l723 

Z sin 6*, 32'= 9*0560706 

-0011017 difference for 1 . 

Then if « be the number to be added to 9*0560706 to give 
us Z sin 6\ 32'. 37", we have 

60 : 37=0011017 : a; 

•0011017x37 ^^^^K«^ 1 
/. a?= gj = •0006794, nearly; 

/. Z sin 6® . 32' . 37" = 9-0560706 + 0006794 

= 9'05675. 

172. To find t/ie logarithmic cosine of an angle not exactly 
given in the tables. 

Suppose we have to find Z cos 88* . 27' . 23". 
Zcos 83®. 27' = 9-0671723 

Zcos 83« . 28' = 9-0560706 

•0011017 difference for 1'. 

Then, if ;& be the number to be subtracted from 90571 723 
to give us Z cos 83®. 27'. 23", we have 

60 : 23= -0011017 : a; 

oU 

. .-. Zcos 83®. 2r. 23" = 90571723 --0004223 

= 9-05675* 

Similar methods must be tsJiLea \a ^\y^\}cL<b ^^^^^ssx ^j»;^>^ 
tii^uns of the other TrigonometdcaX^^Vaft^-. \\»\i««.%x^^aRKs 
bered that the tangent and aecoaX. increase, wA'Oqs. ^^Vsssssg 
And cosecant decreoBe^ as \?epa«atw>m^'* ^^^' 
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(1) Given 



find 



(2) Given 



find 



(3) Given 



find 



(4) Given 



find 



(6) Given 



find 



(6) Given 

find 

(7) Given 

find 
(8) Qiren 



Nf 



Examples. — ^XLV. 

Z sin 56\ as' =9-9162639, 

L sin 55^ . 34' = 9*9163406, 

Zsin66«.33'.64^ 

L sin 29* . 25* = 9-6912206, 

Z sin 29^ 26' » 9-6914445, 

Zsin29^26^2''. 

Z cos 37^ . 28'= 9-8996604, 

Z cos 37\ 29' =9-8996636, 

Zcos3r.28'.36". 

Z sin 64M3'= 9-9091461, 

Z sin 54M4' = 9-9092371, 

Zsin64M3M9". 

Z tan 27*. 42^=9-7201690, 

Z tan 27* . 43' = 9-7204769, 

Ztan27*.42'.34". 

Z tan 6«. 13' =8-9604728, 

Z tan 6M4' = 8-9618669, 

Ztaii6M3'.23". 

Z cot 3*.3r = 111992368, 
Z cot 3^. 38' =11-1972347, 
Zcot3*.3r60r'. 

Z flin 39' . 26r =9-8«2.14a\, 
L sin 39« . 26r =9'80^^^^, 
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(9) Given L sin 70^ 34' = 9*9745252, 

L sin 700. 35/= 99745697, 
find L sin 70^ 34'. 17". 

(10) Qiven Z cos 88^ 54^=8*2832434, 

L 00s ^\ 55' =8*2766136, 
find L cos 88<». 54'. 16". 

173. To find the angle which correspondt to a given 
Tdbtdar Logarithmic Sine. 

Let the given L sine be 8*878594. 
We find from the tables 

Z sin 40. 21' =8*8799493 
Zsm 40. 20' =8*8782854 

'0016639 difference for r. 
given Z sin =8*8789540 
Z sin 4^. 20^= 8*8782854 
*0006686 

Hence if a; be the number of seconds to bo added to 

4^ 20', 

•0016639 : -0006686=60 : a; 

6686 X 60 « . 1 

• a?= — — = 24 nearly : 

16639 ^ 

.*. required angle is 4^20^.24\ 

174. To and the angle which correspondi to a given 
TdbtUar Logarithmic Cosine. 

Lot the given Z cosine be 8*878954. 

We find from the tables 

L OOB 85^ ^ ^W^%WS^ 

L COB 85\ AS/ =ft%n%^»V 



•c\cv\ejK^^ 



Vat 
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L cos 85^ 39'= 8-8799493 

given Z cosines 8*8789540 

'0009953 

Henco if ;p be the number of seconds to bo addod to 
85'. 39' 

•0016639 : -0009953=60 : x\ 

. ^ 9953x60 ^-o , 

••^="i663r=^^®"^'^y' 

/. reqmred angle is 85®. 39'. 35"' 8. 

ExAMPLEa— XLVI. 

(1) Given Z sin 14^24' =9-3956581, 

Z sin 14^25'= 9-3961499, 
find the angle whoso Z sin is 9*3959449. 

(2) Given Z sin 54^13' =9*9091461, 

Zsm54M4'= 9-9092371, 
find the angle whoso Z sin is 9*9091760. 

(3) Given Z sin 71^40' =9*9773772, 

Z sin 71®. 41'= 9*9774191, 
Qnd the angle whose Z sin is 9*9773897. 

(4) Given Z cos 29®. 25'= 9*9400535, 

Z cos 29®. 26' =9-9399823, 
find the angle whose Z cos is 9*9400512. 

. (5) Given Z tan 30®. 50^=9-7759077, 

Z tan 30^.61'= 9-7761947, 
find the angle whose Z tan is 9*7760397. 

(6) Gircn Zcot86®.32'=8-1B^^l^^, 

Z oot 86^ 33' = 8-180a^l^ 
mT t&o a^gfe vrbose Zoot b S'TBWS^- 
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(7) Given Z sin 240. 8'= 9-6116762, 

Z sin 24^9' =9*61185809 
find the angle whose Z sin is 9*6117876. 

(8) Given Z tan 11^ 39' =9*3142468, 

Z tan ll^ 40"= 9*3148851, 

find the angle whose Z tan is 9*3148011* 

(9) Given Z cosec 46 .23^= 10*1402787, 

Z c«sec 46^. 24'= 10*1401684, 
find the angle whose Z cosec is 10*1402567. 

(10) Given Z sec 29^ 54' ■> 10*0620326, 

Z sec 29^ 55'= 100621053, 
find the angle whose Z sec is 100620686. 



CHAPTER XVI. 

On the Rdatims between the Sides of a Triangle and the 
Trigonometrical Ratios of the Angles of the Triangle. 

175. A TBiAKGLB la oomposed of six parts^ three sides and 
three angles. 

Three of these parts being given, one at least of the three 
bemg a side, we can generally determine the other three parts. 

If only the three angles be given, we cannot determine the 
sides, because an infinite number of triangles may be con- 
structed with the three angles of the one equal to the three 
angles of the other, each to each. 

176. We shall denote the angles of a triangle by the letters 
A,B^C\ the sides respectively opposite to them by the letters 
O) (, c. 

The student must remember the results established in 

ArtlOly 

sin (180<>-.4)=sin A, 

cos (180«--4)=-co8-4. 




S C 2> 

Thus^ if AC£ be an exterior angle of the triangle ACD^ 

smAGB^^ACD^ 

co8^C7B=-co8ACD. 

Tbe resalts of Examples xiii (Ji), on WS^ ^^ **^ ^^ ^^ 
^ntljr employed in this and the next Gbaj^tft, 
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177. To thew thai in any triangle 

e=a . cos B-^b . 00s A. 




Kg. 2. 




Let A,£he any two angles of tho triaogle ABC, and as 
one of them must be acute, let it bo ^. 

Then according as £ is acute or obtuse, draw CD at right 
angles to AB or to AB produced. 



Then, in fig. 1, 



e=AD-^DB 
= AC . COB A + BC . cos B 
=b , cos A-^a , COB B ; 



and in fig. 2, 



e=AD-DB 

=AC. cos A-CB . cos CBD 
=b . cos A-k-a . cos B, since cos CBD^ —cos ABC. 



If the angle at 5 be a rigH an^^> >i3si^ VKvwst^aOofiSAj^ ^ijskj^ 
for then cob B=:cos 90^ =0, and .•. a . wa B^^^^^fi^^^'*^^^*^'^ 

C'=^'b. coa A. 
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178. To 9hew that in every triangle the sides are pro- 
portional to the sines qfthe opposite angles. 

Kg. 2. 





Let A, B be any two angles of the triangle ABC, and as 
one of them must be an acute angle, let it be ^. 

Then, according as ^ is acute or obtuse, draw CD at right 
angles to AB or to AB produced. 



Then in fig. 1, 



sin.^ 



sin 2?= 



CD 
' h ' 

CD 



a 



fmA _CD ^ CD _ CD a ^a 
sin5" h ' a " h ^ CD h* 



and in fig. 2, 



sin^ = 



CD 

b ' 



sin J5=sin (1800-J5)=sin CBD^^^ ; 

a 

fmA_CD CD _CD a __« 
•'• aiTB-.d ' a " 6 ^ CD r 

If the angle at i? bo a right angle, the theorem still holds 

good, for then 

. . a 
sin A-=\ , 
b 

sin J5 = 1 *, 

sin A _ a 
sinTH'" 6' 



AlSrD ANGLES OF A TRIANGLE, 



US 



Similarly it may be shewn that in any triangle 

sin^ a J sin J? h 
fsaaC e smc7 c' 

and therefore we conclude that 

sin^ sin ^ _ sin (7 , 
a b " e ' 

179. To express the cosine qf an angle of a triangle in 
terms of the sides. 

Fig. 2. 





Let A,B he any two angles of the triangle ABC, and as 
one of them must be acute, let it be A. 

Then, according as J9 is acute or obtuse, draw CD at right 
angles to AB or to AB produced. 

Now, in fig. 1, by Euclid ii. 13, 

AC^=-AB^+BC*-'2AB ,BD, 
or &>=<?»+ fl?-2<j.J52>. 

Now, from the right-angled triangle BCD, 

BD « BD ^ «_ 
-^^cobB, or — Bcosi?, or BD^a.oo&B; 

:, 62=c2+a?-.2ac.cosJ5. 
Again, in fig. 2, by Euclid ii. 12, >^ 

* 7or anothor prooi ol tlna "pTO^B^^^*^* '^ ^^^ * ^: 
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"Sam ^^CMCBD^'-eimfkS^-CBI^^-cimB; 

:. BDt^-BC.amB^arBD^^m.eimB; 
/. l^s^-^n^^iac.eimB. 

HeoM^ io Cidi cue. 

Sac . c»S=<^+tf'-5^, 

or eimB^ 



80 alia tfMA^—^ — 



and eQf(7= 



2a6 * 

If S k a right aos^ oaaS=0, and tlie theoraii still hdds 
trne. ibr tbea 

180. 7b iA^v thaX 

A-B^a-b .C 

a ain^ 



8aioe 



6""aiii5' 
a-hb^mA'^mnB 



A^B . A-B 

2oo8 — r — . am 



2 am 



-yS^ (Art 120) 



tan 
tan 

tan 



2 

A^B 

2^ 

2 
^-^ 

-77-' sinoe — ^=90»-^ ; 



OOi — 
2 

. tan = v-cov-j: . 

2 a-i-b ^ 
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181. If »=^—^ — , we cao prore tho Mowing resnlts: 



(1) 



A_ / (»-6)(*-c) 



,_. A f* . it-a) 

(2) «»2-v-ir-- 



The method of proof will be given in tho next two articles 



182. VinA^tothmthat 



'•'»"2 V be 



Bhioe C08-4=l-28in' — , 



.-.1=.-^. 



26c 

(a-f&-c)(a-6-fc) 
26c 



jfowif ,«2ii±i ^ ^^ttA.>>'Vc\ 



/. a46-c«>2e-^ «ad a->)-vc«'»* \«5y— ^ 



<2J» -^ ^ 
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•• *"^ 2 25^ 

" ™2"" V ^ 

We must take the positiYe sign with the root-symbol, 

because A being an angle of a triangle most be less than 

A A 

18(f, and therefore — less than 0(f, and conseqnenUj sin -^ 

is positiTe. 

183. ^oTt, to shew thai 

A /s.(s~a) 

Since cos-4=2coi^— — 1 ; 

/. 2C0^~ =1+008^ 

25 

26c 

_2ftc+J»+£--£^ 
26c 

(6-l-c-i-a)(6-i-c-'a) 
26c 

Now, if *= — 2 — ' 

6+c+a=2» and 6+c-a=2f— 2a; 

••*°^2" be • 



>1 /•.{f-^ 
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184. From the preceding asticles we may at once deriye 
two other formulae : 

(1) 8m-4 =28m -^ • cos - 

"^V ^^ s/ ho 

2 J 

(2) tan-^sin— -5-C08-- 

b€ ' s/ he 



-^/ 






BXAMPLBft— XLVIL 

Proye the following relations when ^, £, C are the angles 
of a triangle: 

(1) Bin(-4+jB)=sina (2) cos (-4 +5)= -cos C. 

(3) sm— ^=cos^. (4) cos-y— =8m-. 

(5) tan— 2" =cot-. (6) cot-^— =tan-. 

185. Many other relations may be established by the use 
of the important formulae explained in Art. 120 and the set 
of examples just given. 



Thm, to shew that, if ii+fi-vC-\W^ 



A B ^ 



ISO RELATIONS BETWEEN THE SIDES 

i 



we prooeod thus* 

8in^-fsinJ?s2sin— ^ — .cob I" (Art 120) 

= 200S-.C0B-y— ; 

•% sin^-fsinJ?4-8in(7s2cos^.cos ~ +2gm-r .cos- 



s200B-^(00B — r — +COB— 5 — j 

e2oo8 o(2cos— .008 — ) (Art. 120) 



^ ^ 5 (7 

4008 —-. cos — • cos-. 
2 iS ^ 



EZAMPLBSL^XLVIII. 



1. If A, B, O he the angles of a triaDgle, prove the 
following relations: 

(1) sm2^+sm2£+8in2(7=4shi^sin^sina 

(2) 4sin^.shiJ?.shiC7=8in(-^+£+C;) 

+8in(-4--5+C)+sm(2l+-B-0. 



(3) 



^^2-^^^ 2 sin^ 
cot— + cot ^ 



(4) tan^+tanJ?+tan(7=tan^.tanJ?.tanC 

(6) COt^.COtJ7 + COtil.COt(7-fCOtJ?.COtCsl. 

(6) ootY+«>t-2+^* S'^^^T'^^Y*^* 2' 



AND ANGLES OF A TRIANGLE, 15 1 

(9) 4 sin ^ . cos^ . OOB C^ - sin 2^1 +sin 2^+8iii 2G, 

A S G 

(10) wn^ + Bm-B-8mC=4Bm -^.8111 —.cos-. 

(11) 8m2^4-sin2^-Bm2C7=48mC7.co8^.ooB^. 

ABO 

(12) cos^+oosJ?~oos{7s4co8-^.o(»^. am^— 1. 

A ^ ^ 

(13) C08»^+C0B2^+C08^^=2+.28m~ .sm|.8in^. 

(14) sm«^+Bm»|+Bm«|'=l-28m-^.sm|.sin^, 

2. In a right-angled triangle where C is the right angle, 
prove that 

A c* 

(1) 5+c=a.cot— . (2) 2oosec2^.cotJ?=^. 

(5) ^—^n =tan^-"tanA 

(6) tan2^-8ecaB=yi2. 

(7) (8in^-Bin5)«+(c0B^+C08^«=48in«^. 

(8) Bec2^=5^^. (9) dbc^^a^.coBA-^l^.coBB. 
(10) cot(-S--4)+cot2r^+^=0. 

3. In any triangle prove the following relations : 
,,, sin ^-sm^ sin (7 ,^. ainC^-ffl _<gr:^ 

(3) ^^^ a.BinC ^^ ^A^V«^^ 

&-aoosO^ 



— ^ 
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(5) a+6+tf=(a+6)ooB{7+(a+<?)co8J?+(6+c)coB A 

(6) (a+5)8mr— tf.cofl— ^ — , 



(7) (a-5)co82=<j.8m— 5 — 



(10) <^+l^+d'=2(a&.cosC7+a6.co8i?+&(;.cos^}. 

(11) 008*^+008' j?+oob' (7+ 2ooB^.oos£. cos (7=1. 

(12) cofl5-coflil» — .2co8«|. 

(13) C08-4+C0BJ5=^i^.2sin«^. 

(14)' (^8m^+a&.sin^+A;.flinC7=(aS+5*+0^smJ. 
(15) cot o" '" cot 2 ^h-^-e-a : a+c-f>. 

J? a+5+c 



«• 



(16) cot^.cot- = ^^5^ 

(17) a.8m(5-C) + 6.8in(C7--4)+c.8m(il-J3)=0. 
4. If a, 2>, tf be in arithmetical progression, shew that 



dn(^+0 



8inC-4 + r)=28in-^. 



A It ABC bo a triangle and AD be drawn at right angles 
to ^^ shew that 

.^ &»8in(7+c?BiTiB 



AND ANGLES OF A TRIANGLE. I S3 

6. The sides of a triangle being 4, 9, 12, shew that the 
length of the line bisecting the angle between the two shorter 

sides is 2—. 

13 

7. K sin ^=2 cos i? . sin (7, shew that the triangle is 
isosceles. 

o Tr A 7> • /> sin -4+sin B . ... 

8. If cos -4 . cos i? . sjn C/ = -, h , show that 

sec yl + sec ^ ' 

9. K sin2 A = sin^ i? + sin« (7, shew that A = 90*. 

10. If i— — =€^ and also sin-4.8inJ5=sin2C, shew 

that the triangle is equilateral. 

11. If C=120^ shew that (^=a^-^db+b^. 

12. If CD bisect the angle C and meet AB in D, shew 
chat 

tan^i)C-24tan^. 
a-6 2 

13. If CD bisect ^^^ shew that 



CHAPTER XVII. 



On the solution of Hght-angled Trian^, 

186. Lkf o, &, 6 6e the sides of a triangle and A^ B, C 
the angles opposite to them. Of these nx elements which 
present themselves in every triangle three most be known in 
order that we may determine the others, and one of these 
three must be a nde, 

187. The three angles of every triangle are together equal 
to two right angles : that is, 

-4+jB+(7=18a». 

Hence, if two of the angles be known, the third will be 
known also. 

188. Several of the results obtained in Chap. xvi. are to 
be carefully remembered, and especial attention must be given 
to the following formul», established in Arts. 178, 179> 180. 

* mi. «• 1 sin ^ sin J? sm (7 
L The Sme-role, — — - = 



II. TheCorine-nde, oos^= — 5g- — . 

nL 2!be l^angent-rule, tan — ^ = ^^'^^V 
_/». We may now proceed t» exi^aaai ^^ ^^^^ ^ 



OF RIGHT-ANGLED TRIANGLES. 



m 



We shall denote the right angle by C7. Then we may have 
the following data : 

(1) Two sides and an angle^ 

(2) Two angles and a sidft 

190. First) when tioo iidei and an angle are given ae 
by c, C. 

B 




When two sides of a righi^ngled triangle are known, we 
can determine the third side ; thus, in this case, 



a=N/^=P, 



and so a is determined. 



a 



Next) sin ^ =«, from which we can find A. 
c 

Lastly, jSs 90^- J,and so ^ is determined. 



191. Next) when two anglee and a side are given, ae 
c,A, 0. 

First) ~=8in^, from which we can find a. 



Next) -=oos^, from which we can find b 



Lastly, jS= 90^-^1, fit>m which we can find B, 

192. It A be one of tbe asi^lei^ ^l «.\»fffl3B^^«»Si.'^'^2^ 
of an A be given, wo cannot te\«raffli^ VJaft'^^^^^^^^ ^ 
ont previowAj knowing w\iet\iw A \» «a. ocw** ^^ 
aiuria 
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\ 
Thus, suppose we know that sin ^ = - , one value of ^ wlilch 

satisfies this equation is 30®, but another value of A which 
satisfies the equation is 150®, for since the sine of an angle is 
equal to the sine of the supplement of the angle^ 

am 160®= sin (180®- 160^ = sin 30®. 

In a right-angled triangle A^ when not the right angle, 
muit be acute, and so in the cases we have considered no 
ambiguity can occur. 

In triangles other than right-angled we shall find only one 
case in which we cannot determine with certainty the value of 
A from the known value of sin A. 

193. We shall now give some Examples of the practical 
application of the methods of solution described in the pre- 
ceding Articles. 

To take the first of the two cases^ suppose we have the 

following data : 

6=6, (5=13, (7=90®. 

Then a=^/?=T«= ^/l69-26=^/i44=12. 
and sm^=^ = if =9230769. 

Now from the tables we find 

8m67®.22'=*9229866, 

8m67®.23'='9230984 

And hence, by the method explained in Art 168, we find 
the value of ^ to be 67^22'. 48^*6. 

194 Again, to take the second case, suppose we havegiven 

e^TJi^ il=60\ 0=«0\ 
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•• 26" 2 ' • 2 • 



-=coB -4 : 

c ^ 



"26 2' ••^2 



Also, 5 = ISO'' - (-4 + a)= 180' -150' = 30*. 



Examples. — ^XLIX. 

Solve the triangles referred to in the following examples 
by the use of natural sines, cosines, &c.f G being a right angle. 

(1) Given 6=3, <5=6, sin 63*. 7'= •7998593, 

sin53*.8'=-800033a 

(2) Given 6*16, c=17, sm28*.4'=-4704986, 

sin 28^ 6'= -4707653. 

(3) Given 6=21, c = 29, sin 43* . 36' = '6896195, 

sin 43*. 37'= -6898302. 

(4) Given 6=7, c = 26, cos 73* . 44' = '2801083, 

cos 73*. 45'- -2798290. 

(6) Given 6=33, c=66, cos 69«.29'=-5077890, 

cos 69*. 30' ='6076384. 

(6) Given (?=13, ^=67*.22'.48"'5, sin 67*. 22' =-9229866, 

sm 67*. 23' » -9230984. 

(7) Given c=41, -4 = 77*. 19^. 10"'6, sin 77*. 19'= -9756985^ 
(8) GiTen(?=73,jB=4tf.B«A«'-^,^^^-^'^''''^'^^^' 
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(9) Given (?=89, J?=64^0'.38"•8, cos 64* ='4383711, 

cos 64M'= -4381097. 

(10) Given a-40, -4 =77*.19M0"-6, tan77*.19'= 44433769, 

tan 7r.20'= 4-4494186. 

196. The process of solution by means of natural sines, 
cosines, &c. can only be applied with advantage to cases in 
which the measures of the sides are small numbers. 

We proceed to shew how the use of logarithmic calculations 
assists us in the solution of triangles. 

196. It must be observed that a formula is adapted to 
Logarithmic calculation only when it consists of the product 
fxt quotient of two or more numbers. 

For instance, we derive Ao advantage from logarithms in 
finding c from the equation (^=a^+&^, when a and& are given. 

But if a and e be given, we can apply logarithms with 
advantage to find h from the equation 

for instance, if a=644 and cs725, 

=(c+a)(<?-a) 
= 1369x81; 

.-. log ft2=lQg (1369x81); 
.*• 2Jog 5= log 1369+ log 81 

s3*1364034+ 1-9084860 
a6D448884; 

.\ iosr 9=2-5224442; 
^ .\ 6s 333. 
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197. Let a=644, c=725> (7=90'. 

We first find 6=333, as explained in the preeedis^ Artida 

Then sm^ = -; 

c 

/. logsin^=loga-logc. 

NowXsin^ is the true logsm^ increased by 10, Art 170, 
hence we pat here and in all similar cases X sin ^ —10 in place 
uf log sin ^. 

Thus Xsin^— 10=loga-log<;, 

Z sin ^ » 10 + 2*8088859 - 2-8603380 
=9-9485479. 
Now from the tables 

L sin 62<^. 39"= 99485189, 
L sin 62*. 40^= 9-9485842. 

Hence, by the method of Artl68, we may findil=62*.39'.27^^ 
nearly ; and therefore J?=27^ 20'. 33''. 

Examples.— -L. 

Solve the triangles referred to in the following Examples 
by Logarithmic calculations, C being a right angle : 

(1) Giyen a=104^ 6=185, log a =20170333, 

log c= 2*2671717, log 153 = 2*1846914^ 
Iog289-i2*4608978, log 81 -1*9084850, 
L sm 34^ 12" = 9*7498007, L sin 34^ 13r = 9*7499866. 

(2) Giyen a"304, <;=425, log a =2*4828736, 

logc=2*6283889, log29';»2:4m^iRA^ 
log 729 =2'86272.16, Vi^^YKV-^^^'^fc^ 
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(3) Given a -840, 6=841, log «=:» 2*9242793, 

log tf-2'9247960, log 41 = 1'6127839» 

log 1681 » 3*2255677, 
L sin 87<^. 12"=: 9*9994812, L sin 87^. 13' =9*9994874. 

(4) Oiren aB336, c=:625, log a =2*6263393, 

log Cb2'7958800, log 527=2*7218106, 
log 961 a 2*9827234, log 289 = 2*4608978, 
L sin 32^ 31' =9*7304148, L sin 32*. 32^=9-7306129. 

(5) Given a»1100, <5=1109, log a =30413927, 

log 0=3*0449315, log 141 = 2*1492191, 
log 2209 = 3*3441957, log 3 = -4771213, 
L sin 82®. 41' = 9*9964493, L sin 820. 42' = 9*9964655. 

(6) Given 6=195, <?= 773, log 6=2*2900346, 

logc=2*888l795, log 748=2*8739016, ^ 

log 968 = 2*9858754, log 578 = 2*7619278» 
Zoos 75«. 23' =9*4020048, L cos 75«. 24' =9*4015201. 

(7) Given 6=273, c= 785, log 6=2*4361626, 

log c m 2*8948697, log 736 = 2*8668778, 
log 1058 = 3*0244857, log 2 = '3010300, 
L cos 69«. 38'= 9*5416126, L cos 69*. 39' =9*5412721. 

(8) Given 6=609,6-641, log 6=2*7846173, 

log 6-2*8068580, 
log 1250 = 3*0969100, log 2 = '3010300, 
L cos 18«. 10' =9*9777938, L cos 18®. 11' =9*9777523. 

C9J Oiven a » 276, 6=493, log a=7r4AS^^^^\, 
io^»=: 2*6928469, 
^ tan 29^ J4'= 9*7479125, L taa »* ABT «^nASaa«». 
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(10) Given a =396, 6=403, log 0^2*5976952, 
log 5=2-6053050, 
L tan 44<^. 29'= 9*9921670, L tan 44<>. 30" » 9*9924197. 

198. We shall now give a few Problems to illustrate the 
practical use of the methods of solution of triangles explained 
in this Chaoter. 

±iXAMPLEd. — \iu 

(1) Having measured a distance of 220 feet in a direct 
horizontal line from the bottom of a steeple, the angle of ele- 
vation of its top was found to be 46^ 30^. Required the height 
of the steeple. 

Given log 220 = 23424227, L tan 46^ 30^ = 100227500, 

log 2-31835 = *3651727. 

(2) A river AG whose breadth is 200 feet runs at the 
foot of a tower CB^ which subtends an angle BAG oi^h^X^' 
at the edge of the bank. 

Required the height of the tower, given 

log 5 = '6989700, L tan 25^. 10" = 9*6719628, 
log 9397=3*9729928. 

(3) A person on the top of a tower, whose height is 50 
feet^ observes the angles of depression of two objects on the 
horizontal plane which are in the same straight line with the 
tower to be 30^ and 45^ Find their distances from each other 
and from the observer. 

(4) At 140 feet from the base of a tower, and on a level 
with the base the angle of elevation of tb.^ to^ ^^& Vsvss^^ \s^ 
bo 54^ 27'. Find the height of the toN?eT,\v«T«i^ ®cr«d. 

tan54<>ii7'=ia99as^. 



a. •»» 
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{5) A person observes the angle of elevation of a hill to 
be 32^. 14', and on approaching 500 yards nearer, ho observes 
it to be 63* . 26^. Find the height of the hill, having given 

tan 320. 14' =-63, tan 630.26' =1-998. 

(6) A tower 150 feet high throws a shadow 75 feet long 
upon the horizontal plane on which it stands. Find the sun's 
altitude, having given log 2 ='3010300, 

L tan 63® 26'= 10*3009994, L tan 63o. 27' = 10-301315^ 



(7) A tower stands by a river. A person on the opposite 
bank finds its elevation to be 60^ : he recedes 40 yards in a 
direct line from the tower, and then finds the elevation to be 
50*. Find the breadth of the river, having given tan 50^ = 1*19. 



(8) A rope is fastened to the top of a building 60 feet 
high. The length of the rope is 109 feet. Find the angle at 
which it is inclined to the horizon. 

Given sm 33*. 23' = -6602, sin 33o. 24'=-55048. 



(9) A tower is 140 feet in height. At what angle must a 
rope be inclined to the horizon which reaches from the top oi 
the tower to the ground, and is 221 feet in length ? 

Given sin 39*. 5'= "63045, sin 39®. 6'=-6306758. 



(10) A person standing at the edge of a river observes 
that the top of a tower on the edge of the opposite side sub- 
tends an angle of 55^ with a line drawn from his eye parallel 
to the horizon; receding backwards 30 feet, he then finds it 
to subtend an angle of 48^. Find the breadth of the river. 

Qiren Z sin 7*= 9*08589, L on ^^'^ ^^l^^^"^. 
-^flui48*^ 9*87107, log3='4ni2, YogV^^^^^'^'i.^'^^. 
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(11) Standing straight in front of the comer of a house 
wliich is 150 feet long, I observe that the length subtends an 

angle whose cosine is — p , and its height subtends an angle 

3 

whose sine is -= ; determine the height. 



(12) Standing straight in front of one comer of a house, 
I find that its length subtends an angle whose tangent is 2, 

while its height subtends an ans:le whose tangent is -= : the 

o 

height of the house is 45 feet, find its length. 



CHAPTER XVIII. 
On the solution of Triangles other than right-angled. 

199. In tho solution of triangles other than right-angled, 
usually called Oblique-angled Triangles, we meet with four 
distinct cases, the following being the data. 

(1) The three sides a, &, c. 

(2) Two angles and a side, as A, C, h, 

(3) Two sides and the angle between them, as a, &, C. 

(4) Two sides and an angle opposite one of them, as 

a, &, A, 

These cases we shall discuss in order. 

Case L 

200. Chiven tlie three sides a, b, a 

G 




We first find A from one of the formulae 
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52 + (j9 — ^2 

The formula cob^ = — -^ — is not adapted to logpv- 

rithmic calculation; but if a, &, c contain less than three digits 
wo may use it to find A by aid of the table of natural cosines. 

Thus, if a=6, 6=5, c=10, 

^ . 26+100-36 «^ 
"^^"^ 100 '^^' 

And hence we find A =27*. 7'. 36''. 



301. When a, &, c, contain three or more digits, we may 
employ with advantage the formula 



2 V *.(*-a) * 



from which wo have 

A 1 

Ztan--10=-{log{«-&)+log(«-c)-log«-. log («-«)}, 

and then we may find tan - or tan - 5^ vmcmi of the same 
logarithmsy thus 

B 1 

Ztan--10=-{log(*-a)+log(«-c)-log«-log(*-6)}. 

For example, let a =9459*31, 6=8082*29, c=8242'68. 

Then #=12867*09, #-a=8407-78, 

#-6=8434*80, #-<J=4624'51. 

A 1 

Zitaji--10=-{log(#-6)+log(#-c)-log#-log(#-a)} 

= 2 {3-6843785 + 3*6650657 - 4*1094804 - 3'53247l 6} 
= -•1462539; 
.; ^ ton J =9-8637461. * 
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Whence ~=36\31'.47''-6, 
It 

and -4 =71^3'. 36". 

Siinilariy we may find jB=63^ 26' and (7=56^ 30'. 26". 

202. When A has been found we can find B from the 

relation 

sinjg ft 

Bin^~a' 
and then Cixa^ be found from the relation 

(7=180*-(^+^). 

203. If we are required to find only one angle, as A^ we 
may take the formula 



"^2 V '' ftS ' 



where *= 



Taking the example g^ven in Art 200 we have 

^2""v{'67To}"V200' 
.-. Z sin ^-10=1 {log U -log 200} 

= i {1-0413927-2-3010300} ; 

:, Z8in^=10--6298186 
2 

= 9-3701814. 

And hence we find from the tabVea ^^^va^.^'SA^'.^sA 
i we know that the value of .4. ia ^^.T-^^' • 
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Oasb IL 

204. Gwen two angles and a aide, A, 0, b. 

First, jB= 1800-(-4 + (7), from which we can find B, 

d BIT! ji 

Next, J- =.— — = , from which we can find a, 
sin ^ ' 

Lastly, =■ = - — =^ , from which we can find c, 

205. Here we have no difficulty, and we shall merely give 
an example to illustrate the method of finding a from the 
formula 

£- = -: — 5 , when 5, A. B are known. 

Let 5^40, u4 = 120.40', jB=77*. 10'. 

Then log a=log &+Z sin-4 -Z sin B 

= 1-6020600 + 9-3409963 - 9*9890137 
=•9540426, 
whence a=9 nearly. 

206. It is in practice an easier method to write the equa- 
tion thus, 

a = 5 . sin ^ . cosec j9, 
so as to save a subtraction of decimal%„/ 

Thus, taking the same Example, we have 
Jogtf =log6+ If sin A -v L co%^<i B-1^ 
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207. Given tteo sides and the angle between them, a^ b, OL 

We may find e from the formula 

c«=a«+&«-2a5.cosC. 

Then from . =-we can find A. 
smC c 

Lastly, from jB= 180'-(-4 + a), we can find B. 

Or we may proceed to find A and B before we find e, thus: 
by the formula established in Art. 180, 

. A-B a-b .C 
tan — -— = — =- . cot — , 
2 a+b 2' 

♦ A—B 

and ftx)m this we can find — - — . 

A + B C 

Then, as we know that — -— =90*— ^, we shall have two 

equations by which we may determine A and B, 

__ c sin d 

Then we can find c ftx)m the equation - = -^ — -r, 

^ a sm^ 

208. The first formula given, 

c2=a«+62-2a5.co8C; 
is not adapted to logarithmic calculation. 

We must take then, in all cases where a and b are not 
MaaU integ&TB, the formula 

tan = — t • ^^Tfc » 

2 a+b ^' 



^Snding the values otA and B. 
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Suppose then we have given 

a =12-96, 6=9-78, (7=67*. 48'. SS'', 

we proceed thus : 

a-6=318. a+6=22*74, ^»28*.64Me". 

Then 
Ztan^^i^-10=log(a-6)-log(a+6)+Zcot~-10, 

/. Z tan:^~^=log 318-log 22-74+Z cot 28*. 64'. 16'' 

= '6024271 - 1-3667906 + 10*2679679 
=9-4036946. 

Whence ^^= 14^ 12'. 46". 

A.180 — 2 — = 61* . 6' . 44" (the complement of g- j ; 

.-. -4 = 76M8'.30", 
5=46*.62'.68". 
The other formulse of this case require no special remark. 

209. Though the formula c'=a'+5'-2a&.cos(7 is not 
adapted to logarithmic calculation, we can find c from it (in 
any case where we do not require the values of A and B also) 
by the following process : 

c^=a>+6>-2a6.cos(7 
=(^+6«-2a6.(l-2sin«^) 
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I 



II' 

'A I 

•I 1 



■Ji 



■V 



Now, since the tangent of an angle may be of any magni- 
tude, there is some angle (suppose 6) such that 

(a— 6)2 2 

Knowing a, 5, C7 we can apply logarithms to find B from 
this equation. 

Then, from the equation 

c2=(a-5)«{l + tan»^}, 
that is, c^=(a-b)*, sec^ 6, 

we can apply logarithms to find c. 

An angle introduced, as in this case, to assist the solution 
of an equation, by breaking it up into two or more equations, 
is called a Subsidiary Angle, 

Case IV. 

210. Given two sides and an angle opposite one ofiliem^ 
a, b, A. 





-7 = - , from which we haye to determine B. 
A a' 



sm 



// we can find B, we haye 

C=180°-(A + J5), from ^\i\d:i^€> casitoftL C^ 
c sin G 



^ 9iaA 



, from wlucYiw©ca3a.toA.c. 
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211. Thus the solution of this case depends on the possi- 
bility of determining B from the equation 

^=-(1). 

sm-4 a ^ ' 

Now since we know a, &, A^ we obtain from this equation 
sin ^=a known numerical quantity (2). 

But, as has been explained in Art. 74, we cannot deter- 
mine the yalue of B from a given value of sin^, unless we 
know whether B is greater or less than 90^ 

Tho only way in which we can tell whether the greater or 
the smaller value of B which satisfies equation (2) is to bo 
taken, is by knowing that a is greater than h. In that case A 
is also greater than i?, and therefore B must be less than 90® 
otherwise A +i? would not be less than 180®, which is impossible. 

212. This, which is called The Arnbigtwus Case, may bo 
shewn geometrically in the following manner. 




If from we can draw a line CD equal to CB, to meet 
AB produced on the side of B, both the triangles ABC^ ADO 
have the given parts a, &, A, 

We can always draw OD=CB, «o Xotig a* AO V.% «^^^ 
fAan BO, for then a circle deacxiYi^^ m^V c«a\jc^ O ^^^^ 
OB wUl cut AB produced iu i^^o i^VoX» Xi^'*^ ^"^ ^^ 

sido nf j4 
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213. The following is a more complete discussion of the 
Anibigtuyus Casey 

sin i?a -1 a known numerical quantity. 

Now, providod 5 sin ^ be not > a, 

IS not > i, 

a ' 

and this numerical quantity is a possible value to be the sine 
of an angle. 

We have now two cases. 

I. If & sin ^ < 0, < 1, and there are two angles 

which hayo this value for their sine, supplementary to one 
another, and therefore one acute and one obtuse. 

Now when a is>6, A is>^, and therefore we cannot 
take this obtuse value for B, for then A and B would be to* 
gether > two right angles. 

But when aiS'<b,Ais<B, and we can take both the acute 
and the obtuse value tor B, and then we shall have two 
corresponding values for C, and two for c, and thus we get two 
triangles having the given parts the same. 

II. If b sin A=^a, miB=l, and B has only one value 
viz. 90^ 

Of course, iSa=b, B=:A&t once without using the equation 

. „ 6sin^ , „ 

sm B= at alL 

a 

This ambiguity can be exhibited geometrically as follows : 
Fig. 1. Fig. 2. 





:Ba. X 



5 OAJT^A, Aa=h. 
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Draw CD perpondicular to AX^ then CB-hfaxaA, With 
centre C and radius equal to a describe a circle. 

Now provided CD be not > a, this circle will meet AX. 

I. It CD < a, this circle will meet AX in two points, 
Bj, and B^ 

Now when a is > 6, ^^ and B^ will fall on opposite sides 
of ^ as in fig. 1, and we haye only one triangle, Tiz. CAB-^ 
haying the given angle A^ and tiie sides CA, CB^, equal 
to b and a. 

But when aia<bfBi and i?, will fall on the same side of 
^ as in fig. 2, and we have two triangles, viz. CAB^ CABt 
haying the given angle A and the sides CB-i and CB^ equal 
to Of and the side AC equal to h, and in this case CB^A is 
supplementary to CB^X and therefore to its equal CBiA. 

II. If CD-a^ the circle will meet AX in one point only, 
viz. at 2), and CAD will be the required triangle. 

Of course, if 5=a, B^ will coincide with A and we have 
only one triangle CAB^. 

214. The formulse to be used in this case are simple, and 
we have only to give instances of cases (1) ambiguous, (2) in 
which no ambiguity exists. 

(1) To take a very simple case, suppose 



Then 



a=6, &=6, -4=30*. 
sin^ 6 



_ • 



sin^ a' 
.•.smi?=-.smJ=-x- = ---6. 



Now from the tables we tod '^X-oXi^^^x^j^aa ^\'^ass.^6asRk 
of36^.62\12'% and since 143? .T .A&" \& ^^ ^^^^^"^"^ 
5»*. 62". 12% it also haft -6 lor \\i€> N«3ffxft ^lV»«a^^- ^veas.^ 
iM an amhiguitj in the resxitti. 
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Next, suppose a^VJ%% 5=146, 5=41^ iC. 
Then sin-4=T^sin j5; 

.-. Zsm-4=loga-log6+Zsm5 

=2-2611613 -2a613680 + 9-8183919 
= 9-9081762. 
Hence -4 = 64*. 2' . 22" or 125* . 67' . 38". 

(2) Now if we change the values of the sides a asd h we 

shall get 

i sin -4 = 9-7286086; 

/. -4 = 32^.21'. 54", 

and the supplement of A cannot belong to the proposed tri- 
angle, because if ^ were 147* . 38' . 6", then, since B is greater 
than A, A and B would be together greater than 180*, which 
is impossible. So in this case there is no ambiguity. 

216. The following are applications of the principles laid 
down in this chapter. 

Examples. — ^LIL 
1. Find A from the following data : 

(1) Given a=37, 5=13, c=40, sin 67*. 22' =-9229865, 

sm 67*. 23'= -9230984. 

(2) Given a=101, 6=29, (J=120, sin 43*. 36' ='6896196, 

sm 43*. 37' =-6898302. 

(3) Given a=37, 6= 13, c=30, log 9=-9542425, 

log 13=1-1139434, 
L sin 56*. 18'=9-9200994, L sin 66*. 19^= 9*9201836. 

(4) Given a=409, 6=241, c=600, log 723=2-8691383, 
£ am 29^, 5i/« 9 6969947, I. sin 2^ . b^ «^'^n^\Aau 
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2. If a =6780, (?=7639, 5=43^8', find A and (7, having 

given 

log 186-9 =2*26928, log 13-419 = 1 '12772, 

icot 21*'. 34'= 10-40312, Ztan 19». 18'. 50''= 9-64468. 

3. If-4=4lM3'.22", i?=7lM9'.6'', a=65,find 6, hav- 
ing given 

log 65=1-7403627, Z sin 5 =9-9764927, 2i sin -4 = 98188779, 

log 79063 =1-8979775. 

4. If j5=84».4r.38'', C=4lM0', (J=146, find 6, having 
given 

log 146=2-1613680, L sin 4lM0'= 9-8183919. 

L sin 84^ 47' . 38" =9*9982047, log 219-37=2-3411808. 

6. If a=667-2341, &=351-9872, J5=3P.27' . 18", find A, 
having given 

log a =2*7537623, log 6=2-6466269, 

Z sin j5 = 9-7176280, Z sin 57* . 14' = 99247349, 

> 

Z sin 57'. 15'= 9-9248161. 

6. When C7=30^y 5=16, 0=8, is the triangle ambiguous 
or not ? 

7. Simi^ the expression cos A = — -^ — in the case of 
an equilateral triangle. 

8. Given log3=-4771213 and Ztan67".19Ml"= 101928032, 
shew that, if one angle be 60^ and the two sides containing 
it as 19 to ly the other two angles are 117^.19'. 11", and 
2«.40'.49". 

9. The sides of a triangle ai-e 2, V^ and 1 + V3 : find the 
angles. 

JO. It a, 6, B had been ^^en \*> «ftVi^ ^ \xNas^^.^^^^^ 
h leas than a, and if c^ c,\>e \X\ey Vno ^^^s^^^ ^^^^^ ^'^'^ 
mhiing the third side, prove \h«A»l^ -v c^-cv^^- 
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11» Two sides of a triangle are to each other as 9 : 7 
and the included angle is 64^. 12'; determine the other angles. 

Given log 2 = '30103, L tan 57*. 64'= 10-2025266, 

itan 11*. 16' =9*2993216; Ztan 11*. 17'= 9*2999804. 

12. The sides a, &, c of a triangle are as the nombors 
4, 5, 6. Find the angle B, 

Given log2=*3010299. Z^ cos 27^53^= 9*9464040, 

log 6 = -6989700, L cos 27^. 64' = 9*9463371. 

13. If in a triangle ABC, B0^1% AC=^^5, and lACB 
8=36®. 52^. 12'' find the remaining angles. 

Given log 3 ='4771213 and Z cot 18*. 26'. 6"= 10*4771213. 

216. Up to this point we have supplied the student with 
all the materials required for the solution of each example. 
But as he ought to have some practice in making extracts 
from the tables we shall suppose him to be in possession of a 
set of tables, and we shall now give a series of examples by 
which he may test his ability to apply the formulae for the 
solution of Triangles. 

Examples.— LIIL 

Solve the triangles for which the following parts are given . 

(1) a=4, 6=3, (7=90». 

(2) 6=66, (j=73, (7-90<>. 

(3) a=272, 6=226, (7=90*. 

(4) 6=399, (?=401, (7=90». 

(6) c=446, -4 = 10*. 62'. 60'% C^9(^. 

(6) c= 629, A-f4f . 69' . 49'^^ ^»0*. 

(7) c=449, J5=6k2'W5?C^90. 

(8) e=U9, -5=68*.6r,6"-4, (7=:90<>. 
fi) a=520, ^=66*.2'.62", C=^CP. 
V ^=51, ^«S««.18'.17", 0»Wf* 
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Examples.— LIV. 

Solve the triangles, not right-angled, for which the following 
parts are given: 

(1) a=rl97, 6-63, <?=240. 

(2) a=509, 6=221, c=480. 

(3) a=533, 6=317, c=510. i 

(4) a=665, 6=445, c=606. 
(6) a=409, 6=241, c=182. 

(6) 6 = 29, ^ = 43®. '36'. lO^'l, C7= 1240. 68'. 83''«. 

(7) 6= 149, -4 = 69*. 69'. 2"-6, (7= 70« . 42'. 30". 

(8) a= 101, 6=29, (7=32».10'. 63^-8. 

(9) a=401, 6=41, O=96«.6r.20"-1. 

(10) a=221, 6=149, (7=30».40'.36". 

(11) a=109, 6=61, C7=66».69'.26"-4. i 

(12) a=446, 6=83, C7=87*. 66'. 

(13) a=229, 6=109, C7=131\24'.44". 

(14) a=241, 6=169, (7=104«.3'.61". 
(16) a=241, 6=169, (7=16».22'.3r. 

(16) a=13, 6=37, -4=18\66r.28"-7, find J5. 

(17) a=446, 6=666, -4 =44«. 29^.63^, find A 

(18) a=212-6, 6-836-4, -4=14«.24'.26^, find A 

(19) a=379-6, 6=6648, il=4* ."Sa .\S' » ^fli^ B. 

&0) a«546d-31, 6«8032?i9, A«nV'.^-'^^*^>^^^^^ 
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Measurement of Jleig/Us and Distances. 

217. In this chapter we shall give examples of the appli- 
cation of Trigonometry in determining heights and distances. 

The problems which occur most frequently in practice, in 
addition to those given in Chap, vui., are the following : 

(1) To find the height qf an dtoeet standing cm a hori" 
zontal platie, when the base qfthe object is inaccessible. 




and 



A. J^ JP 

Let PQ be a tower, of which the base P is inaccessible. 

Measure a distance AB in the same horizontal plane with P. 

Observe the angles of elevation QBP and QAP, 

Then we can determine the height of the tower, for 

QP=QB.smQBP, 
sin QAB 



QB=AB. 
=AB. 



sm BQA 
wolQAP 



8m(,QBP-QAP^' 
QP = AB . siu QBP .^^^^gBP-Q.APV 
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(2) To find the height of an object whose foot is inacces- 
sible, when a direct line between the observer and tlie base 
cannot be measured. 




Suppose PQ to be a tower standing on the bank of a river, 
and ^ to be a point on the opposite bank. Suppose the 
ground to rise suddenly from By so that no distance in a direct 
line with BP can be measured. 

Measure a line AB up the rising ground. 

Observe the angles QAB and QBA. 

Then in the triangle QAB two angles and the side AB are 
known, and therefore we can find QB. 

Then if we observe the angle QBP we may deter- 
mine QP. 

(3) To find the distance between two inaccessible objects. 




Let A and B be the objects. 

Measure a line CD, and suppose A,B,C,Dioheia one 
plane. 

Then if we observe the angles ACD «s!.^ AX>C ;^^^ 
determiDe AC, because we Imow Vwo «ft!^e» ^aS^'a-*^'^^ 
triangle ACD. 
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Again, if we observe the angles BCD^ BDC we can deteis 
mine BG, because we know two angles and a side in the tri- 
angle BCD. 

Thus knowing AG and BC and the included angle ACB 
(which is the dffference between the. known angles ACD 
BOD), we can determine AB, 

(4) To find ths diitance qf a Mp from the »hore. 




Let 3 be the position of the ship. 

Measure AB, a straight line between two points on the 
shore. 

Observe the angles SAB and SB A. 

Then we can determine the distance of S from A, for 

AS^AB . ^ ^^^ 



AB.^ 



Bin ASB 
an SB A 



AB.-T 



8in<180«-^/S5) 
^SBA 



an (SAB -^ SB A) 



218. In the iirst twenty-one oi \)kie 'EflLasK«J«» ^Qos^ ^vi 
inowsive the results inay be ob^aaneflL mVXi^^^ 
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Examples. — LV. 

(1) Wishing to know the height of an inaccessible hill I 
took the angle of elevation of its top to be 60^, I then mea- 
sured 100 feet away from the hill and found the angle of ele- 
vation to be 45<^. What is the height of the hill 1 

(2) Each of two ships, which are a mile apart^ finds the 
angles subtended by the other ship and a fort to be respec- 
tively 36^ 14' and 42^. 12^. Fmd the distance of each from the 
fort. Given sin 35^ 14' = 577, sm42*. 12^ = '671, sin 77^ 26' = -976. 

(3) Each of two ships, half a mile apart, finds the angles 
subtended by the other ship and a fort to be respectively 
85^ 15' and 83^46^ Find the distance of each from the fort 
Given sin 86^ 16'=-9966, sm 83^ 45'=-9940, sin llo=1908. 

(4) Find the angle which a flag-staff 5 yards long and 
standing on the top of a tower two hundred yards high sub- 
tends at a point in the horizontal plane 100 yards from the 
base of the tower. 

Given L tan 34'« 7*9952192, L tan 33'» 7-9822534^ 
log 102=2-0086002. 

(5) The angle of elevation of;the top of a steeple is 60* 
from a point on the ground. That of the top of the tower on 
which the steeple rests is 45<> from the same point What 
proportion does the height of the steeple bear to that of the 
tower? 

(6) On the bank of a river there is a colunm 200 feet high 
supporting a statue 30 feet high. The statue to an observer 
on the opposite bank subtends the same angle as a man 6 feet 
high standing at the base of the column. Find the breadth 
of the river. 

(7) A pole is fixed on tho top oi ^\iMjwaA^«si.^*^^^ssfi^'»^ 
of elevation of the top and \>olU>m ol \Jckft ^^ ««» ^^ ^^^%; 

shew tb&t the length of tiie^ ^\bVa Vmci^ ^(hiftXtfs^sjp^^ 
mound. 
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(8) A person at a distance a from a tower which stands on 
a horizontal plane, observes that the angle oT eleyation a of 
its highest point is the complement of that of a flag-sta£f on 
the top of it. Shew that the length of the flag-staff is 
2a. cot 2a. 

(9) If the distance of the person frcmi the tower is un- 
known, and if, when he recedes a distance <r, the angle of ele- 
vation of the tower is half of what it was before, shew that 
the length of the flag-staff is c • cosec a • cos 2a. 

(10) Two spectators at two given stations observe at the 
same time the altitude of a kite, and find it to subtend the 
same angle a at each place. The angle which the line join- 
ing one station and the kite subtends at the other station is ^, 
and the distance between the two stations is a: find the 
height of the kite. 

(11) Two towers stand on a horizontal plane and their dis- 
tance from each other is 120 feet. A person standing succes- 
sively at their bases observes that the angular elevation of one 
is double that of the other ; but when he is half-way between 
them their elevations appear complementary to each other. 
Shew that the heights of the towers are 90 and 40 feet respect- 
ively. 

(12) Ay B are two inaccessible points in a horizontal plane, 
and (7, D are two stations, at each of which AB is observed 
to subtend the angle 30**. AD subtends at C 19°. 16', and 

GD 

AG subtends at D 40^ 45'. Shew that AB^-r^ . 

(13) The length of a road in which the ascent is 1 foot in 5, 
from tiie foot of a hill to the top is 1| miles. What will be 
the length of a zigzag road in which tiie ascent is one foot 
in 12? 

(14) Two objects, A and B^ were observed to be at the 
same instant in a line inclined at an angle 15® to the east of 

a 8bip*a coui^e, which was at the time due north. The 
sbjp'8 course was then altered, and aX\^T ^aaixi^ ^ Tsa^ss^ '\bl^ 
iV. W. direction, the same obiectsNveTe o\»cr?^iV\ft\5«fia^.«sA 
^'M respectively. Required tlie diatoice oi A Iwssi B, 
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(15) The elevation of a tower at a place A due south of it 
is 30^; and at a place By due west of A^ and at a distance a 
from it, the elevation is 18^ : shew that the height of the tower is 

a 



^(2^6 + 2)- 



(16) A circular ring is placed in a vertical plane through 
the sun's centre, on the top of a vertical staff whose height is 
eight times its radius ; and the extremity of the shadow of the 
ring is observed to be at a distance from the foot of the staff 
equal to the staff's height. Determine the altitude of the sun. 

(17) The hypotenuse c of a right-angled triangle ABC is 
trisected in the points Z), E\ prove that if C2>, GE be joined, 
the sum of the squares of the sides of the triangle CDE 

(18) A person stands in the diagonal produced of the 
square base of St Mary's Church tower, at a distance a from 
it, and observes the angles of elevation of the two outer 
comers of the top of the tower to be each 30*, and of the 
other 45<^. Shew that the breadth of the tower is a y/{:i=Liy/5). 

(19) A tower standing on a horizontal plane is surrounded 
by a moat which is just as wide as the tower is high. A 
person on the top of another tower whose height is a and 
whose distance from the moat is c, observes that the first 
tower subtends an angle of 45^ Shew that the height of the 

first tower is . 

a—c 

(20) A and B are two points 100 feet apart, and C7 is a 
point equally distant from A and B; what must be the 
distance of C from A and B that the angle ACB may 
be 150M 

(21) A headland C bore due north oC «* %3mc^ ^ A\ "^s^ 
after the ship had sailed 10 m\lea ^\3L<b q^^'sX.Xa B^^OaaV^^Si^^ 
bore N,W. llequired tbe distaaco ol \Jftft Vr»*!^snsv^ ^s^^ 

Al and B, 
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(22) The aspect of a wall 18 feet high is due south, and 
the length of the shadow cast on the north side at noon is 
16 feet Find the sun's altitude. 

(23) At a distance of 200 yards from the foot of a church 
tower, the angle of elevation of the top of the tower was ob- 
served to be 30^ and of the top of the spire of the tower 32®. 
Find the height of the tower and of the spire. 

(24) The distances of three objects, ABC^ in the same 
horizontal plane, are AB = 3 miles, BC-= 1*8 mile, AC= 2 miles ; 
from a station D in CA produced the angle ADB=lT. 47'. 20" 
is observed : find the distance of D from B, 

(25) In an oblique triangle ^,^, C7, given LACB^n^\5^, 
lABG^2^AS\ BC=S40'5 yards, find by how much AB 
differs from a mile. 

(26) In an oblique-angled triangle ABC, given AB = 2700 ft, 
Z.^ = 60*. 2^, and Z.^=1100. 12', find BC, 

To determine the height of the top C7 of a mountain, a base 
AB of 2700 feet was measured in the horizontal plane, the 
angle subtended by CB at A was observed to be 60^. 20', the 
angle subtended hy AC &tB was observed to be 110®. 12^, and 
the angle of elevation of C from B was observed to be 10®. T ; 
find the height of the mountain. 

(27) A flagstaff 20 feet high stands on a wall 40 feet high. 
At a point J& on a level with the bottom of the wall the flag- 
staff subtends an angle of 10®. Find the distance of B from 
the walL 

(28) From the top of a hill the angles of depression of two 
consecutive mile-stones on a straight level road are found to 
be 12\ 13' and 20. 45'. Find the height of the hilL 

(29) From the top of a tower by the sea-side 150 ft. high, 
/^ was found that the angle of depteasv-oiv. oi ^^v^^XsaS^L^^a^ 

^ 18^. Find the distance of ibe Adp irom \Xi^ l^^X. ^1 ^^ 
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(30) Given a = 6383-53, &= 3167*76 and C= 37^26', find 
the other parts of the triangle. 

(31) From each of two ships a mile apart the angle whidi 
is subtended by the other ship and a beacon on shore is 
observed: these angles are 55° and 62<^.30'. Determine the 
distances of the ships from the beacon. 

(32) From the lower window of a house the angle of 
elevation of a church tower is observed to be 46^ and from a 
window 20 feet above the former 40®. How far is the house 
from the church ? 

(33) A line AB in length 400 yards is measured close by 
the side of a river, and a point C close to the bank on the 
other side is observed from A and B. The angle CAB is 60®, 
and CBA 66®, find the perpendicular breadth of the river. 

(34) Two railways intersect at an angle of 35®. 20': from 
the point of intersection two trains start together, one at the 
rate of 30 miles an hour; find the rate of the other train, so 
that after 2^ hours the trains may be 50 miles apart Shew 
that there are two velocities that will satisfy this condition 
and calculate approximately either of them. 

(36) A base line of 600 yards was measured in a straight 
line close to the bank of a river, and at each end of the line 
the angles were observed between the other end and a tree 
close to the edge of the river on the opposite side of it : these 
angles were found to be 62®. 14' and 68®. 32'. Find the breadth 
of the river. 

(36) The angle of elevation of a tower 100 feet high, due 
north of an observer, was 50®; what will be its angle of eleva- 
tion after the observer has walked due east 300 feet ? 



(37) A flagwstaff, 12 feet higli, oti ^i\\^ W^ ^\ ^\Rs^^x^'®a!s>- 
tmda an angle of 48' . 20" to aa obaw^et ^\. ^^ ^v^«s»&^^ 
laojarda from the foot of t\i© V)^«t\ toqss&c^^ ^^^XissNse^ 
the tower. 



1 86 HEIGHTS AND DISTANCES. 



(38) At the foot of a hill a visible object has an elevation 
of 29^ 12'. 4(/', and when the observer has walked 300 yards 
np the hill away from the object, he finds himself on a level 
with it. The slope of the hill being 16^ and the places of 
observation in a vertical plane with the object, find the dis- 
tance of the object from the first place of observation. 

(39) AB^ AC are two railroads inclined at an angle of 
50^.20' ; a locomotive engine starts from A along AB at the 
rate of 30 miles an hour : after an interval of one hour, another 
locomotive engine starts from A along AC ^X the rate of 45 
miles an hour: find the distance of the engines from eacli 
other, three hours after the first started. 

(40) A church tower stands on the bank of a river which is 
150 feet wide and on the top of the tower is a spire 30 feet 
high. To an observer on the opposite bank of the river the 
spire subtends the same angle that a pole six feet high sub- 
tends placed upright from the ground at the base of the tower. 
Shew that the approximate height of the tower is 285 feet 



CHAPTER XX. 

ProposiHons relating to the Areas of Triangles^ Polygons^ 

and Circles, 

219. Expresnonti for tlie area of a triangle. 





The area of a triangle is equal to half the rectangle con- 
tained by one of the sides and the perpendicular drawn to 
meet that side from the opposite angle. 

Let ABC be the triangle, and as one of the angles Ay B 
mnst be acute, let it be ^. Draw a perpendicular from C to 
meet AB or AB produced in D, 

Then, area of triangle ABC=^ .AB.CD 



=- • AB . AO •^ov A 
=^cb .%\xk A\ 
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that is, the area of a triangle is equal to haHfthe product of 
ttoo sides and the sine qfthe angle between them. 

Also, since sin^ =t- . tjs . (s—a) (s—b) (*— c), by Art. 184, 

area of triangle AJBC==d>,r'* >/*.(«-«) (*-6) (*-«) 

=is/* . (« - a) («- b) (*—<?), 
which gives an expression for the area in terms of the sides. 

For this expression the symbol used is & 



220. To find the area of a regular polygon in terms qf 
its side. 




Let EA^ ABf BFhe three consecutive sides of a regular 
polygon of n sides and let each of them = a. 

Bisect the angles EAB, ABF by the lines OA, OB meet- 
ing in 0. 

Draw OB at right angles to AB, 



Now 



1 A^jy ^OB 
axigleAOB^—^r—y 



and 



271* 

angle AOB=— CElucL 1. 16» Cor.) ; 



/. angle -402^=--. 
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Hence area of polygons n times area of triangle AOB 

=n.AB.EO 
-n.AB.AB.cotAOB 

a a .w 

=»«s«2;«cot~ 
2 2 n 

na* .IT 
=-7-. cot-. 
4 n 

221. To find the radius qf a circle described about m 
triangle in terms qf the sides qf the triangle. 




Let be the centre of the circle described about the 
triangle ABC, and B its radios. 

Through draw the diameter CD and join BD. 

Then CBD, being the angle in a semidrcle, is a right 
angle. 

And BDC=:«Df^e CAB in the same segment =iA. 
Now gg= sin -52X7, 

thatifl^ ^ssin^; 

.*. a=2i2.sinw^; 
a 



.-. iJ= 



2aRA * 



But, by Artl84,8in-4=|^,JS; 

.^ abc 
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ft h 

Note. Since r^=sm ^, and similarly ^ = sin Bf and 

r^=8in (7, we derive another proof of the Theorem 

sin ^ sin ^ sin C7 



222. To find ths radius of a circle inscribed in a trU 
angle in terms qfthe sides qfa triangle* 




Let be the centre of the inscribed circle, and r its radius. 

Then i8'=areaof ^-BC7 

=area of ^OC+area of C70^ +area of AOB 



OD.BC , OE.AC ^ OF.AB 

:: + :: + :: 



ra f^.rc 
2 "*■ 2 2 



=r. 



a+6+c 



= rs; 



S 
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223. To find the radii qf the circles escribed^ that is 
which touch one of the sides qf a triangle and ths other sides 
produced. 

Let be the centre of the escribed circle that touches the 
side BC and the other sides produced, and let the radius of 
this circle be r^ 

A. 




Then quadrilateral ^^0(7= triangle ^0C7+ triangle AOB 
and quadrilateral ^^0(7= triangle ^.SC7+ triangle BOC\ 
:. AOC+AOB^ABC-hBOC, 
. A C. OE , AB. OF „ BC.OD 

• • 7^ + ;; = AJ + ;r 1 



••22 ~ 2 ' 






h+c—a 



.ri^S; 



S 



.'. r, = 



«— • 
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Similarly it may be shewn that if r,, r, are the radii of the 
circles touching A C and AB respectiyelyy 



rt 


8 


#•-= 


8 


M- 


*-«• 



224. To find the a/rea of a regular polygon inscribed in a 
circle. 




Let be the centre of the circle, r the radios of the cu*cle^ 
dB a side of the polygon. 

Join OAy OB. 

Then area of polygon-^n times area of triangle AOB 

=n . i ^O . OJ? . sin -40J? (Art 219) 



1 . 29r 
■■n.-.r.r.Bin — 

2 n 



2 n 
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225. To find the area qf a regular polygon described 
about a circle. 

Let O be the centre of the circle, r the radius, AB a side 
of the circamscribing polygon. 

Draw the radios OB at right angles to AB, 




Then area of polygon =n times area of triangle AOB 

z=n.OB.AB 
=n.0B.0Bt8akA0B 



= n r.r. tan - 
n 

=nr". tan-. 
n 



226. To find the area of a circle. 

Taking the figure and notation of the preceding Article, 
area of circumscribing polygon=n times area of triangle AOB 

^n,l.AB.OR 

2 






= ^ ORx^TLtDkRJWSt qIV^^"^* 



JSTow if the number of aides ot t\ie ipoMvgfsti \ife "^^^^ 
increased and the length of oac\i sldft ixv^eftasiw:^ <»»**^^ 

ft. T. ^— 
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the perimeter of the polygon coincides with the Gircumference 
of the circle, and the area of the polygon is the same as the 
area of the circle ; 

•*. area of circle =^ OB x drcomference of drdo 

1 
= -rx2irr 



227. ' To find the area qf a quadrilateral which can h$ 
interibed in a circle in terme qfite ndes. 




Let ABCD be the quadrilateral. Join AC, 
Let AB=a, BC=1>, CD=c, DA = d. 

Then, area of figures=area of LABC-^BxesL of lADO 

= -<ib .mnB+^cd, BxaD. 

Now angles at B and D are supplementary (EucL iil 22); 
.-. sinJ?=sin2> (Art, 101); 

.'. areaof figure =-(a&+e(/). sin J?. 

We b&ye now to express sin J? in terms of the sides ai the 
^ffwre. 
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Hence, obseiring that 

cos 2>s -cos J? (Art. 101), 
4i^+ft»-2a&.C0B5=c2+da+2<;rf.C08J?; 



•*• COB^= 



2(a5+<jrf) * 



•• "^^-^ {2(a5+crf)}* 

.-. (areaoffigure)»=|.(a6+aO'.sin*J? 
4 ' 4(a&+crf)* 



and if .=^±i±£±^, 



(area of figure)*-^ • {(2#-2rf) (2#-2<?) (2#-25)(2#-.2a)} 
/. «i«fto/i5gure-V{(«-a)Ct-»ii,t-c^V3i-dr^- 
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228. On the Dip qf the Horizon. 

Suppose the earth to be represented by the circle ABC^ 
with centre 0* 

Let EB be a tangent from the eye of an observer, looking 
from a height AE^ to the earth's surface at B^ and let EAO 
be a straight line through the earth's centra 




If we draw a horizontal line Eff, the angle HEB is called 
**TheZHp qfthe Horizon:' 

Then, since EA is very small as compared with AO, and 
therefore the arc^^ very small as compared with the circum- 
ference of the earth, lAOB is a very small angle. 

Hence at spots of small elevation the Dip of the Horizon, 
which is equal to lAOB, is very small 

The distance of the horizon at sea may be approximately 
found by the followmg rule: 

Three times the height qf the place qf obserwttion in feet 
ii equal to twice the equare qfthe distance seen in miles. 



This rule may be proved thus: 



^ / 



Let ^^ be an object whose height in feet isy; s: =^ mfles, 

JEff a tangent to the earV]b?ft vaxlu^ ^X^A^Visti^^^ 
miles ism, 

•^(7 the diameteT of the e8*^=d*«sftKi^«a«»^«««^- 
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Then 



sq. on BE =reQi. CEy EA (EucL nL 36); 

/ 



•• ^"=(^+560) 



5280 



-4r 



nearly 



5280 

8000/ - 3/ _ , 
= "5280" ^^^y= 2 "^^^y- 

229. To shew that if 6 he the circular meamre qf a 
poHHve angle lea than a right angle^ ein By 6, and tan B 
are in aecending order of magnitude. 

Let Q be the centre of a circle, QE a radios catting the 
chord PP' at right angles, TT' a tangent to the circle at E. 




Let the circular measure of the angle EQP be B. 

PM 



Then 



sin^=: 



QP' 

PE 
QP' 

. ^ TE TE 

tan^=:7T^ =vrr; 



0< 



QE QP' 

Now assuming that PE la greaiw VSqjmcl PM\sssK»\s!»»^*^5oss». 
^ PJf, PE, TE are in aacondins OT^«Bt ^1 \jia3ecK©i^»- 

Therefore sin 6, B, tan d are in «AC«!i^vQJR^^«^ A\as>s^^«^ 
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The assumption wluch we here ms^e tha^ PE is int«^ 
mediate in magnitude between PM and TE requires some 
explanation. 

Suppose PP to be a side of a regular polygon of n sides 
inscribed in the circle. 

Then TT' will be the side of a regular polygon of n rides 
described about the circle, and QEYnH bisect PP' )uid TT, 

Now the perimeter of the inscribed polygon is always Im 
than the circumference of the circle, as we explained in 
Art 10, and we might shew by a similar process that the 
perimeter of the drcumscribed polygon is always greater than 
the circumference of the circle. 

Now PJf= the 2nth part of the inscribed polygon, 

TE = circumscribed 

PE ^ circumference; 

.*. PE is in magnitude intermediate between PM and TE, 
230. To 9hew thai when 6 U indefinitely diminished, 

m 

e 



iinB 



= 1. 



Since sin ^, ^, tan ^ are in ascending order of magnitude, 
sin 0, 6, — ^ are in ascending order of magnitude. 

Divide each by sin B, then 

6 ' 1 
1, gj^>^^aieVsiW»fe\idm^a\.derofniagnitude; 



e .. ^ ^ 



•• Bind 



lies \>elNvee\i \ wi^ "^ e* 
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Now when ^=0, 


coa^=l, 


and therefore 


1 =1. 



therefore when B^% 



ian^~^' 



Examples.— LVI. 

1. The angle included between two aides of a triangle 
whose lengths are 10 inches and 12 inches is 60^ find the area 
of the triangle. 

2. Two sides of a triangle are 40 and 60 feet, and they 
contain an angle of 30°: find the area of the triangle. 

3. What is the area of a triangle whose base is 4 feet, and 
altitude 1^ yards? 

4. What is the area of a triangle whose sides are 5, 6, 5 
inches respectively 1 

5. If>a=625, 5=505, 6=904, what is the measure of the 
area of the triangle 1 

6. If a=409, 5=169, Cs510, what is the measure of the 
area of the triangle ? 

7. If a =577, 5=73, c=520, what is the measure of the 
area of the triangle ? 

8. In a right-angled triangle area=«. (t-e), C being the 
right angle. 

9. If a=52-53, 5=4876, c-44-98, log 146*27 =2-1651553, 

log 56-31 = 1*7505855, \(^ ^^It^^V^'Sl^A^kV 
A^ 41-21 = 1-61500^6, \og^«-^WS^^^^ 
log 10169487=;: 001^^990, fiu^^^TftR^KQCKft ^^^^'^^ 
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10. The sides of a triangle are in arithmetical progresaion, 
and its area is to that of an equilateral triangle of the same 
perimeter as 3 : 5. Shew that its laigest angle is 120^ 

11. In the rectangular sheet of paper ABCD^ the angular 
point A is turned down so as to lie in the side CD, while the 
crease of the paper passes through the angular point B ; shew 
that the area of the part turned down is 

l.^{AB-^{AB^-B(?)}. 

12. Shew that the area of a triangle 

_ g* . sin ^ . sin (7 

" 2sin(5+(7) • 

13. In any triangle the area 

.A . B . Cf a* . 6« ^ c» \ 
= sm -TT- . sm -r- . sm - 1 -; — j + -; — = + . ^ i. 
2 2 2\sm^ sm^ smCJ 

14. If the radius of the inscribed circle be equal to half 
that of the circumscribed circle, the triangle is equilateral. 

15. In any triangle 

(6-c) cos ---=a . sm — 5— . 

16. If the points of contact of a circle inscribed in a 
triangle with the sides be joined, shew that the area of the tri- 
angle so f oimed 

=^*4{(#-a)(*-&)(*-c)}f, 

17* The diagonals of a quadrilateral are in length a, h 
respectiyely, and intersect at an angle A, Shew that the area 
of the quadrilateral 

= r a&sin^. 

/A The area oi any triangle 

a*-y sin JL . TOii B 
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19. In an isosceles right-angled triangle, shew that the 
radius of one of the equal eiscribed circles is equal to the radius 
of the circumscribed circle. 

20. In any right-angled triangle, C being the right angle, 

cot(5-^) + cot2(-J + ^=0. 

21. The area of any triangle 
2dbc ABC 



-a+6+c-^^«^-^^^2-^2- 

22. In any isosceles triangle, C being the vertical angle, 

area X 32 cos* ^ a sin 2^ (2a + c)'. 

23. The length of a perpendicular from A to BO 

ysinC+c'sin^ 

24. Taking the notation adopted in this Chapter, prove 
the following relations : 

cot^ + cot^ 

1 1 

2i2.8in^.sinri?.8m-(7 

(2) r j-2 L., 

C0S--4 

(3) n= / ^ - 

tan---+tan- 

2 2 

,^, ^- . A B C 

(4) ri=4/f.sm — cos— .COS-. 

(6) ^+r=Ji(.«»A+co»BJrW»OV 
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25. Shew that the area of a regular polygon inscribed in a 
circle is a mean proportional between the areas of an inscribed 
and a circumscribed regular polygon of half the number of 
sides. 

26. The distances between the centre of the inscriboc 
and those of the escribed circles of a triangle ABC are 

4i2.8in-7r, 4i2sin— , liSsin-, 

B being the radius of the circumscribing circle. 



27. The points at which the lines bisectmg the angles 
Ay ByC of & triangle cut the opposite sides are joined. Shew 
that the «rea of the triangle so formed bears to that of the 
triangle ABO the ratio 

^ . A . B . C 

2sm-sm~sm- 

— T^ cr3 T^' 

cos — 7Z — .cos — - — . COS — :r 



28. If Ti, r,) r, be the radii of the escribed circles and 8 
the semi-perimeter of the triangle, shew that 



29. If A, B, G> X^, be a quadrilateral capable of being 
inscribed in a circle, shew that AC. sin. A =BD . sin B, 



30. Shew that the distances from the centre of the 
inscribed circle to the centres of the escribed circles are 
ivspectirelj equal to 

a h c 
3, h^ ^• 



cos— COB-5 co%^ 
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31. r 1b the radius of a oirde inscribed in a triangle 

ABO\ shew that 

A B (7 . 

a^r cos — cosec -r- oosec ^ . 

32. If iS, r be the radii of the cfardes described aboat and 
inscribed in the triangle ABC^ and $ the semi-perimeter of the 
triangle, prove that 



tan yf tan ^ +tan- + -=»4i2 



f-«a*j*D- 



33. ABC IB a triangle inscribed in a circle, and a point 
P is taken on the arc BC : shew that 

PA.siaA^PB.mB-^PO.BiaC. 

34. Qiven the distances di, d^ dt from the angles of the 
point at which the sides of a plane triangle subtend equal 
angles, find the sides and area. 

35. If the lengths of three lines drawn from any point 
within a square to three of its angular points be a,b,c, find a 
side of the square. 

36. The areas of all triangles described about the same 
curde are as their perimeters. 

37. If a, &, be the sides of a triangle and a, )8, y the 
perpendiculm upon them from the opposite angles, shew that 



o* ^ fi* 7* ^ ac , (»b 



38. A person standing on the sea-shore can just see tne 
top of a mountain whose height he knows to be 1284*80 yards. 
After ascending vertically to the height of 3 miles in a 
balloon, he observes the angle of depression of the mountain's 
summit to be 2^.15^ Find the earth's radius. 

Given log 3 = '4771213, L col ^ Ab* =^\VAR«\\^^ 
iog 73 a 1*863229, \og1^W4«^'^^Ra»«^ 
log 76*3661 = V8B283&\. 
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39. If an equilateral triangle have its angular points in three 
parallel straight lines of which the middle one is perpendicularly 
distant &om the outside ones by a and &, shew that its side 



.,y(it|i^ 



40. In a triangle ABC, AC^^BC. If CD, CE respee> 
tively bisect the angle C and the exterior angle formed by 
producing AC, prove that the triangles CBDy ACD, ABC^ 
CDE have their areas as 1 : 2 : 3 : 4. 

41. If 22, r be the radii of the circles described about and 
in the triangle ABCy the area of the triangle 

=Br (sin ^ + sin B-^ sin C). 

42. In the ambiguous case prove that the drcles circom- 
scribing the triangles will have the same radius. If the data 
be a=605, &=:564, B=:5Qf^. 15', find the radius of the drcom- 
scribing cirda 

43. The angles of a quadrilateral inscribed in a circle 
taken in order, when multiplied by 1, 2, 2, 3, respectively, are 
in Arithmetical Progression ; find their values. 

44. If from any point P in a circle lines are drawn to the 
extremities A, B, and to the point of contact Cof a side of 
the circumscribing square, shew that 

(1 + cot PCA)* ^ (1 -f cot PCB"^ 
cot PB A cot PAB • ' 

45. If B, r, Tta n, Tc are the radii of the circumscribed, 
inscribed and escribed circles respectively of a triangle, and 
G one of the angles, then 422 cos (7= r-^r^-^Tk—r^ 

46. Ifrhe the radius of the circle inscribed between the 
base of a right-angled triangle and ^<d oVS[i<st \2«q ^<i9A \^to- 

daced, and r' the radius of the cird© \n»cr^^\^\w^\v ^^ 
altitude of the triangle and the o^et t^o «Asa ^t^xwsp^ 
bew that the area of the triaBg\e=ir .i'. 
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47. From the top of the peak of Teneriffe the dip of the 
horizon is found to be 1^. 58" . lO'^ If the radius of the earth 
bo 4000'mile8, what is the height of the mountain ? 

48. What is the dip of the horizon from the top of a 
mountain 1^ miles high, the radius of the earth being 4000 
miles? 

49. A lamp on the top of a pole 32 feet high is just seen 
by a man 6 feet in height^ at a distance of 10 miles ; find the 
earth's radius. 

50. A ship, of which the height from the water to tho 
summit of the top-mast is 90 fl^et^ is sailing directly towards 
an obsenrer at the rate of 10 miles an hour. From the tunc 
of its first appearance in the ofiEing till its arriyal at the 
station of the obsenrer is 1 hour 12 minutes. Find approxi- 
mately the earth's radius. 

51. If the diameter of the earth be 7912 miles, what is the 
dip of the sea-horizon as seen from a mountain 3 miles in 
height t 

52. The angle subtended at the sun by the earth's radius 
being 8'^'868 and the earth's radius being 4000 miles^ shew 
that the distance of the iiun from the earth is approximately 
93000000 miles. 

53. If the distance of the moon from the earth be 
241118 miles, shew that if the earth's radius is 4000 miles it 
subtends an angle of 57' . V- 6 nearly at the moon. 

54 The tops of two vertical rods on the eartVs surface, 
each of which is 10 feet high, cease to be visible from each 
other when 8 miles distant Prove that the earth's radius is 
nearly 4224 miles. 

55. What is the limit of deviation in order that a drcular 
target of 4 feet diameter may be struck at a distance of 
200 yards) 

the eye BO as to hide the mooa. 



ANSWERS. 



I. (Pago 1.) 
(1) 54. (2) 26. (3) 4iiiciieii. 

(5) 3 inches. (6) 5 inches. (7) r-. 

(9) 1 inch and 3 inches. (10) 13:504 



(4) 5 Inches. 
(8) 7i inches. 



(") 3^- 



II. (Page a) 

(1) 45 yds. (2) 10 ft (3) 255yds. (4) 360-6...yd. 
(5) 163-25 yds. nearly. (6) 12 a, 16 a (8) 63 ft, 45 ft 
(9) 6 1^2 ft (10) 5^/2 inches. (11) 625 ,^2 a 

(13) 10^/3.. (14) 12mches. 

(15) 38 inches. (16) 634 ft 



(12) \^ 



5 



(1) i5^a 



HI. (Page 9.) 
(2) 86*306Ma (3) 25-?1428S miles. 



(4) 7954- miles. (5) 2775834? miles. (6) 1089— miles. 
11 7 22 



ff) € ft. 6^ in. 
(10) i^ft. 



(8) 4l'^tt 



(11) 1^ mViea. 
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rO 24-2680t. 
(4) "OOl. 



IV. (Pago 12.) 

(2) 37n)462f. 

(fi) 376-Od. 

V, (Page 13.) 



(3) ITS-OOSS. 
(6) 78-201. 



(1) 25*1425. 
(4) -150745. 



(8) 38*04151 (8) 214*0307. 

(5) 425*130554 (6) 2*020222. 



VL (Page 19.) 
(1) 30*. 29\ 19^^-75... (2) 174». 62\ 12^ -962 (3) 46\ 

(4) 21«. 11\ 66^-6. (5) 159«. 5\ 55^^i. (6) SlMlMlM. 

(7) ll«.58\88^-a (8) 30«. 70\ 74^^-074. 

(9) 33y. 62\ 90''-i234567896. (10) 469«. 2\ 53''-68641976a 

VII. (Page 20.) 

(1) 17».30'.48''-78. (2) IIP. 38'. 44"-692. 

(3) 260. 46'. 30". (4) 13*. 30'. 4"-86. (5) 138o. 39'. 54"-676. 
(6) 38<'.42'. (7) 34*. 50'. 26"-9772. (8) 45^ 41'. 32"'9632. 
(9) 1530. 34'. 9^-948. (10) 20P. 43'. 29"-938a 

VIIL (Page 21.) 



«!• 


(2)|. 


•^> fe- 


(4)¥. 


(5) l^. 


»-» 1463T 
*' 10800* 


^ 270* 


(8) «'1»' 
^' 40600 


(9) /. 


(10) 


» « « 
V 4» 4* 





2o8 
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IX. (Pago 22.) 
(1) 9a*. (2) 60». (3) 46^ (4) SO*. (6) 120«. 

(6) —degrees. (7) —degrees. (8) — decnreea. 



(1) J- (2)|. 

(6) -oesssasir. 

(9) 'OOOlfiir. 



X. (FBgo«2.) 



<«> i- 



w?. 



(7)^ •120761076W. 
(10) '0000025ir. 



(« 



6?r 



(8) -6250065s. 



(1) 66'i grades. 
(4) 133*i grades. 



(7) — • grades. 
(10) — grades. 

IF 



XL (Page 22.) 
(2) 40». 

(5) 120'. 



(8) — grades. 

IT 



(3) 33*S grades. 
(6) I? grades. 

(9) ^gradea. 

IT 



1. 4-5. 



4. 3^ ^ "^ 



XXL (Page 2a) 
2. 4*25 degrees. 

* 

14 



5. 



15- 



1^ 6 8 

a. 3^, g, 1^ 



6. 70 : 67. 



2? 



« ^ eo* SO*; 1<W, 66|» 3^^ 



V^, ^•^.^'^^iiJ^ 
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11. 5?5^. 12. ^. 13. l-9^ 16. 20*, 60*, 100». 
27 81 

7.3-14159... :1. lb. 36«, 54^ W\ 40«, 60«, 100»; ^, j?, |. 

1^ 800 

9. 173^. 20. 125 (2S grades. 21. ^—grades. 

a. l^OO^-S^QO gradea. 23. 64«. 46'. 64"-5. 24. -1775. 
3. 2(>,r degrees 26. ^th part 27. 3^, A . 1. 
S. -^ miles. 29. 67 ^ , 180<', 46ir», (n . 180 + 15)®; 

f* ^' (l)* **'^'''i^- 3®- ^- 31- ^20S 1080. 

2. 120«, ISO*. 33. f, ^. 34, ir--. 

3 3 9i 

5. IT feet 36. 8 and 4. 



XIII. (Page 36.) 

BD AD BD AD BD AB BD CD DB 
AB' AB' AD' AB' AD' AD' ~BU' BC Do' 



I) 



XIV. (Page 49.) 

) 2-^- (2) y?. (3) f. (4) ^1. 

) 3^24- ^/a 

XV. (Page 62.) 

)346'4101...ft. (2) 85-829031. .»ft. (J^^W. V5^\T^^^^..^^ 
424'352...feQt from foot of t«^ V^ V^^*^:«si^^^ 

AT. '^'^ 
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(7) 42-265. . .ft. above the tower. (8) 72 feet, (9) 60 V 3 . ycL 
(10) 260. (11) 104-26 . feet above the tower. (12) 126 ycL 

(13) 92J* feet. (14) 342f feet (16) 8063...feet 

13 

XVII. (Page 60.) 
(1) 8m^=Vl-co8M, tan^-^^^^^^^?, seo^=-^, 

^ * ^ ' COS-4 ' C08^' 

- 1 . . C08-4 

C08eC.A= ■ / . :, cot.4 = 



Vl-cos'-i* ^/l-cos*-4* 

(2) sm^ = 7, eoB.4ss?i ^j — 

. . 1 J coaecA 

tan^=:-7= I ^ •, sec -4 =-7======, 

Vcosecr^— 1 Vcosecr^-l 

cot ^ = Jcoseo* A" I, 

(3) 8in^= '^"^^^'"\ co8^=lji-j, tan^=V8ec«^-l, 

C08eC^=-7=j===i cot^=-7=====, 
Vsec^^— 1 tJaec^A—l 

iA\ • A I ^ cot -4 X ^ 1 

(4) 8in-4=-7=====, C08-4=-7====, tan-4=— 7- T, 

^' Vl+cof-i i^l+cotM cot-4* 

cosec A=s/^+ cot* ^, 800-4=^^ — t-t — . 

XVIIL (Page 61.) 

^ ^ 3 ' J5' ^^^ 6' 4' ^"^^ 4 ' V7' 

/if) V(^-a ') b M\ ^ ^ 

r 
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^^"^ 2^14' 2^/14' ^"^ 22 » 9 

^^^ 101' ^- ^^^^13' 12- 



XX (Page 65.) 

1. (1) 65«46'.ir. (2) 46*. 67'. 3'^ (3) 25». 69'. 46'^. 
(4) 7*. 66'. 46''. (6) -(36M6'.42"). (6) -(88*. 27'. 34'0. 
(7) -106^ (8) -164^ (9) 116*. (10) 336<>. 

2. (1) 67».76\76*\ (2) 4«.96'.2{?\ (3) 63».99M6r\ 
(4) 97«.94\96*\ (6) -(36« 2r.6'^). (6) -(69«.0\3**). 
(7) -143». (8) -267«. (9) 136«. (10) 346« 

3. (1) l (2) I (3) -f^. (4) ^. (6) ^. 

XXI. (Page 6&) 

1. (1) 1450. 47'. 11". (2) 47^35'. 13". (3) 33».59'.19". 
(4) 16r. 44'. 66". (5) 1". (6) 79MO'.7". 
(7) -66». (8) -(257«.3'.4'0. (9) 229«. (10) 635«. 

2. (1) 67*.6r.68*\ (2) 4«.9r.43^\ (3) 196».2\2'\ 
(4) 134«.8?. 92'\ (6) 45*.96\94'\ (6) 25»99\96*\ 
(7) -76« (8) -(327«.2M4*^). (9) 236«. (10) 625». 

^' (V I (2) f . C^^ V ^^^ H- ^^^"^^^ 
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XXIIL (Page 72.)' 




a) #v 


W -1- (3) 3- 


'« -]r 


(6) I 


(«)-f- <^-j2- 


W - f • 



(9) -^a (10) -~3. (11) V2. (12) -VS. 

XXIV. (Page 75.) 

(1) -450. (2) 46«. . (3) 0». (4) 90». 

(6) O^oreO*. (6) 30®. (7) 30«. (8) 46^ 

(9) 30*. (10) 60''or30*, (11) 30® or 60*. (12) 30»or60». 

(13) 45*. (14) 450. (15) 30*. (16) 45». 

(17) 136». (18) 46*. (19) 30»or90». (20) 45* 





XXV. 


(Page 81.) 




«f- 


(2) -\. 


(«> J2- 


^'^-Iji- 


(5)i- 


(6)-f. 


(^> -72- 


(8) -f . 


(9)-V3. 


(^«)-j3- 


(U) n/2. 


(12) - ^/3. 


(13) §• 


^^^ i- 


(16) 1. 


(16) f . 


(17) j^. 


(18)4'- 


(19) 0. 


(20) 1. 


(21) -2. 


(^^O^- 


(23) 1. 


(^>-T3- 


(^) f- 


(26) 1 


(5n) - J^ 


(28) -I. 


9) 2. 


(30) -^ 
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XXVL (Page 82.) 
(1) »ir+(-l)-|. (2) 2nir. (3) nir+(-iy.^ 

(A) n«-+|. (5) nir+(-l)»^. (6) nir or 2nir*|. 

(7) n«-+(-l)».^. (8) 2nir± J or Smr* J . 

(9) mr+j. (10) 2wir±j. 

XXVni. (Page 88.) 

(5) ..^^i^^ (6) hrt^. 

XXX. (Page 89.) 
(1) 46». (2) 0^ (3) lOtf. (4) 60«or30°or-30*. 
(6) 46^ (6) 60^. 

XXXII. (Page 93.) 

(1) 2co8-J(«+|-^)8inl(a-|+p). 

(2) 2.8iiig+aVcos|. 

(3) 2sin|.C08(a-^). 

(4) 2cos|8m(^a-jj. (5) 2 sin 20®. cos I0». 
(6) 2 cos 16^ sin 6«. (3>i <I«ai'^^^W^^. 



i\^^^ n.v 



(8) Scosl^.sin''., 
60 60 
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XXXV. (Pago 105.) 
2. 

(1) B=4£P or -16*. (2) ^=30* or 46«. (3) «=0»or 7i*. 
(4) d=16»or30^ (5)il=300orl6(y> (6) d^O^orVy. 
(7) tf=16«or30». (8) a=0^or3a>. (9) tf«180»or30^. 

(10) a=0*orl6*or60«. (11) d=f. (12) d=0«or30« 

ZZXVI. (Page 106.) 
(1) iv(W-2V6). (2) J(l+V6). (3) |(1+V5). 
(4) iv(10-2V6). (6) |v(10 + 2v/6). 

XXXVII. (Pa^e 110.) 

1. co8-5-+8iii -5-= +n/i +8iii^ ; 
COB o" ""8m --•= + iJl—anA. 

2. cos~+8m-jr=-^r+MDL4; 
COS— —Sin ~= -,yi— sin-4. 

2 2 

3. cos 189'= -| j J5-J6 + J3+ iji I ; 
2^3 • ^ 
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(1) f2187180. 
(4) 4-740378. 
(7) 6-3790163. 



XXXIX. (Pago 120.) 

(2) 7-7074922. 
(6) 2-924069. 
(8) 40-678098. 



(3) 2-4036784. 
(6) 3-724833. 
(9) 62-9906319. 



(10) 2-1241803. (11) 3-738827. (12) 1-61614132. 



XL. (Page 123.) 

(1) 2-1072100 ; 2-0969100 ; 3-3979400. 

(2) 1-6989700 ; 3-6989700 ; 22922560. 

(3) -7781513 ; 1-4313639 ; 1-7323939 ; 2-7604226. 

(4) 1-7781513 ; 2-4771213 ; -0211893 ; 5-6354839. 

(5) 4-8750613 ; 1-4983105. 

(6) -3010300 ; 2*8061800 ; "2916000. 

(7) -6989700 ; 1-0969100 ; 3-3910733. 

(8) -2, 0, 2 : 1, 0, -1. 

(9) (1) 3. (2) 2. 



(10) a:=|,,=| 



(11) (a) -3010300; 1-3979400; 1-9201233; 1-9979588. 
Q>) 103. 

(12) (a) "6989700; "6020600; 1-7118072; r-9880618. 
(6) 8. 

(13) 3-8821260 ; T-4093694 ; 3-7455326. 



a4) (1) x^\. 



(4) * = 



(2) «s2. 
\oge 



{?)x- 



\otrm 



loga+logd 



mloga+2log&* 

(5) J., 4log5-i-logc 
' 2 log c+log b-^\o% a 



ie) a= 



logc 



log a 4* m log b-V^Vsi^ c" 



2l6 
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(1) 4-7201799. 

(4) 2*3740165. 

(7) 6-8190943. 

(10) •411943a 



XLI. (Page 127.) 
(2) 2-4777360. 
ih\ 1-8293173. 

r 

(8) 3-5324716. 



(3) 1-6054974. 
(6) 3-8653132. 
(9) 6-592147& 



(1) 12954*8. 
(4) 393756-9. 



XLIJ. (Page 129.) 

(2) 4624*5095. (3) 345*7291. 
(5) 3715-953. (6) -009646153; 



(7) -00000026725982. 
(9) 1090-6286. 



(8) 601-95403. 



(10) 262*01818. 



(1) -6724242. 

(4) -9990000. 

(7) '024002a 

(10) -8270272. 

(ij 48^46'. 34^. 

(4) 32«. 31'. 13^*6. 

(7) 53^7'. 48^*4. 

(10) 77M9'.10"*6. 



XLIII. (Page 132.) 
(2) -9623159. 
(6) -6850417. 
(8) 1-4225190. 



(3) •816086a 
(6) -7521403. 
(9) -9230769. 



XLIV. (Page 135.) 

(2) 2®. 33'. 46^- (3) 43«. 14'. 8*'-ia 

(6) 240. 11'. 22^*2. (6) 82^22'.12*-a 

(8) 25«. 3'. 27^-2. (9) 73«. 44'. 23^* 2. 



(1) 9-9163319. 
(4) 9-9091749. 
(7) 111975684. 
iO) 8-2814755. 



XLV. (Page 13a) 

(2) 9-6912280. 
(6) 9*7203429. 
(8) 9*802ie8n. 



(3) 9-899602a 
(6) 8-961006a 
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XLVL (Page 140.) 

(1) 14\24'.35". (2) 64M3M9". (3) 71'. 40^.18". 
(4) 29«.26'.2". (6) 30» . SC/ . 2r 6. (6) 86».32'.24"-& 

(7) 24».8'.45". (8) 11«.39'.52^ (9) 46«.23'.ir. 

(10) 29*. 64'. 29 "-6. 

XLIX. (Page 157.) 

(1) a=4, ^ =63\ 7' .48'% 5=36\ 62'. ll"-6. 

(2) a = 8, ^ = 28* . 4' . 20"-9, j5 = 61« . 55' . 39"*1- 

(3) a=20, ^=43\ SS'. 10"-1, -B=46«.23'.49"-9. 

(4) a=24, -4 = 73\44'.23"-3, 5=16M6'.36"-7. 
(6) a = 66, -4 = 69* . 29' . 23"-2, jB = 30\ 30' . 36"'a 

(6) a=12, &=6,jB=22*.37M1'"6. 

(7) a=40, &=9, 5= 12*. 40'.49"-4. 

(8) a=48, &=66, -4=41*.6'.43"-6. 

(9) a=39,6 = 80,^=26*.69'.21''-2. 
(10) &=9,<?=41,jB=»12*.40'.49"-4. 

L. (Page 169; 

(1) 5=163, -4 = 34M2M9"-6,-S=65«. 47'. 40''-4* 

(2) 5=297, ^ =46* . 40^ . 2"-3, -B=44M9' . 67''-7. 

(3) 5=41,^=a7M2'.20"-3,-B=2*.47'.39"-7. 

(4) I = 627, ^ = 32« . 31' . 13"-6, 5 = 67* . 28' . ASl''^ 
(6) 3=141, ^ = 82* . 41' . 44?', B=T A^' A^' • 

(6) a= 748. ^ = 75\ 2* . \%"-5, B =:^\^ -^^ • V0'"5*. 
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(7) a= 736, -4 = 69*. 38'. 66''-3, B^W^. 7\\ ^'% 

(8) a=200, -4 = 18^ 10'. 50", B^*l\\ ASl. 10". 

(9) c= 565, -4 = 29«. 14'. 30"-3, jB= 60«. 45'. 29"-7. 
(10) c=565, A =44«. 29'. 53", 5=45*. 30'. 7". 

LI. (Pago 161.) 

(I) 231-835 feet. (2) 93*97 5061 

(3) 36-6...feet; 70'7...fcot; 100 feet (4) 196 feet nearly. 

(5) 460 yds. nearly. (6) 63*. 26'. 6". (7) 88 yd& nearly. 

(8) 33*. 23'. 55"-7. (9) 39«.5'.47"-9. (10) 104-93 foot 

(II) 45feot (12) 150 feet 

Lll. (Page 174.) 

1. (1) 67«. 22'. 48*-5. (2) 43<>. 36'. 10"-1. 
(3) liy. Sr. ll^'-S. (4) 29».6r.46'-l. 

2. il-49«. 7M(r,a-87«. 44'. 60^. 

a 6=79063. 4. 5=219-37. 

5. hV. 14'. 21" or 122®. 45'. 39". 

6. No,forjB=90*. 7. cob-4=^. 9. 45*,60«,75«. 

11. 69*. 10'. 10" and 46«. 37'. 50". 12. 56^ 46'. 16". 

13. A = 116*. 33'. 54", jB=26*. 33'. 54". 

LIU. (Pago 176.) 
O) ^=5, ^«6*>.7'.48"-4,B=^tf.6aAY-^ 
(^) a=:48,A^ 41«. 6'. AZ"^^ B ==4&\SS A^"Mb, 
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(3) c-363, -4=50*. 24'. 8% 5=39<>. 36'. 61^-9. 

(4) a-40, il-6«. 43'. 29^-3, jB-84<>. 16'. 30^-7. 

(6) a-84, 6-437, jB-79«. 7'. 9^-6. 
(ef) a«460, 6=429, 5=43«. (/, lO'-S. 

(7) a=280, 6=351, -4=38^ 34'. 48"-3. 

(8) a-180, 6«299, il-31^ 2'. 53'''6. 

(9) 6-231, 0-569, 5-23®. 57'. 8*. 
(10) a-480, c-481, B^Z\ 41'. 43*. 



LIV. (Page 177.) 

(1) il -31*. 63'. 26*'-8, 5-8^ IC/. 16% 0- 139». 66'. 16*'-a 

(2) il-84».32'.6(r-5,5=25«.3e'.30^-7,0=69».5C/.38*'-a 

(3) il-76^ 18'. 52', jB-35». 18'. ^% Q^m. 23' 7^-1. 

(4) A = 620. 51/. 32^^, 5= 440. 29'. 53', (7- 72^. 38'. 34'-l. 
(6) il-150*. 8'. 14', jB=17^ 3'. 41'-5, (7-12*. 48'. 4'-5. 

(6) a- 101, c-120, 5-ll«. 26'. 16'-3. 

(7) a=221, ^=222, 5=39^ 18'. 27'-5. 

(8) c-78, il-1360. 23'. 49'-9, B=ll^ 26'. 16*-^ 

(9) c-408, -4-77*. 19'. 10^-6, jB-50. 43'. 29'-2. 

(10) c-120, il-110». 0'. 67'-5, jB-390. 18'. 27^*5. 

(11) c-102, il-70«. 36'. 40^, 5=33*. 23'. 54'-6. 

(12) c-460, il=8P. 27'. 16^, B-10*. 37'-44r'. 

(IZ) <?-312, il-33^ a^r. Mf-^, B«W*AV .^"^^^ 
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(15) c = 90, A = 134^ 45'. 36^-6, 5= 290. 61'. 46^4 

(16) B=67». 22'. 48*'-l or 112*. 37'. ll^'-O. 

(17) 5= 62». 51'. 32^-9 or 117<». S'. 27'-l. 

(18) B^W. 19'. 24' or 101«. 40'. 36^. 

(19) B=»75«. 18'. 28^-2 or 104^ 41'. 31'-a 

(20) 5=53P.20'.O^-e. 



LV. (Page 181.) 

(1) 236*602... feet (2) 1210 yds. and 1040*5 yds. 

(3) 4596 yds. nearly and 4584*48 yds. (4) 33' .42^ 

(5) a/3 : 1* (6) 107 feet nearly. (10) -g mn a. sec /% 

(13) 4 miles. (14) 5(3- ^/3) miles. (16) tan-i|- 

(80) 61-76... feet. (21) 10 and 14*14... miles. 

(22) 48«. 22'. (23) 116*47 yds. and 9*503 yds. 

(24) 6*71307...miles. (25) 15 yds. 

(26) 6236*649 ft ; 1095*47 ft (27) 85*28 ft or 28*14 ft 

(28) 108*64 yds. neai'ly. (29) 204*2 ft 

(30) A = 116". 13'. 20^, B«26^ 20'. 40^, c-4325*26. 

(31) 1 mile and 923497 mile. (32) 124*3 feet 
(33) 306*4178 yds. (34) 34*42284 or 14*524 miles an honr. 
(35) 513*7045 yds. (36) 17®. 47'. 50*'. 

(37) 134 jda. *^ \^-'fi»'il^ 

(39) 76-6466 miles. 
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LTI. (Pago 199.) 

1. 30 1^3 sq. in. 2. 600 sq ft. 3. 7i8q.ft 

4. 12 8q.in. 6. 161872. 6. 3060a 

7. 12480. 9. 1016*9487. 

34 a^^lW-^d^+d^di), 

36. Vi |a«+c»AN/4(a«6«+a«c«+6«c"-6*)-((j^+04. 

38. 3992-835 miles. 42. 366*785... 

43. g, g, ^, ^. 47. 2-36inile8. 

48. 1<^.26'. 49. 4017'79...iQile8. 50. 4224 miles 

61. 2^.13'. 60". 65. tan-»oe$. 



APPENDIX. 



1. To find ilie trigonometrical rat%(>$ fir an ohgk 




Take the figure and conBtraction used by EucL iv. 10 in 
describing an isosceles triangle haying each of the angles at 
the base doable of the third angle. 

Hence lBAD=\o{ 2 rt. L'=^l of 180*=36^. 

o o 

Bisect BAD by AJS, which will bisect BD at right angles. 

Let^^^nt, AO=n, and .'. BD^n, 

TheOy since rect AB^ BC=^ sq. on AC^ 

- n^ Sn^ 

,\ w - mn + i" = -7-; 

4 4 

n 1 
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n 



Now aiiil8^=8iiiJ9^i^= 



BE 



n 



AB m 2"i»' 

,'. nmltiptyiiig mimerator and denominator by ,J6 ~ 1, 

rinl8»-s^. 
So the other ratios may be found. 

A 

2. To explain geomeiricaUy why in determining sin ^ 

A 

or cos -^fnm cos A^ we get ttoo, but from sin A four differeni 

valties. 

Let ^ be an angle whose cosine is known, and describe 
PAMy the least angle which has the given cosine. 

Make P'AM^PAM. 




Then A must be an angle whose bounding lines are AM 
and either AP or AP'^ that is, it must be either the angle 
MAP, or the angle MAP'^or some angle formed by adding (or 
taking) a multiple of four right angles to (or from) one of these. 

Now bisect MAP, MAP by AQ, AQ, and produce 
QA,Q'AtoE,R. 

Then j must have AM and oto ot VSaa l^^sos ^A^^ A>^J 
^C^ for its bounding lines. 
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Now the ratios of all these angles are of the same magnitade 
and can only differ in sign, there being a pair of angles whidi 
have each ratio + and a pair—. 

.'. in determining^ from the cosine we get two Tali^ 

Next, let il be an angie whose sine is known, and describe 
MAP the least angle which has the given sine. 

Make MAP' equal to the supplement of MAP. 




Then A must be either MAP or MAP, or some angle 
formed by adding (or taking) a multiple of four right angles 
to (or from) either of these. 

Bisect these angles as before. 

A 
Then — must be an angle which has MA and one of the 

four QAy EAf QfA, EA for its bounding lines. 

Now those which have either QA or RA as one of theur 
boundaries have ratios equal in magnitude but opposite in 
sign. So also for those having Q!A or RA as one of their 
boundaries ; but the magnitudes of the ratios of the former 
sets differ from those of the latter* 

.*. the ratios of -^ may be either oi two sets of magnitudes 
and of either sign and therefore \\ik^^ /our ^^SStewjBX^^iSwsft. 



atknut «a*T%s.'^ 
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